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A remark on notation. Let F be either R or C. Elements of F* will be regarded as
column vectors when performing matrix multiplication.

1. Let P be the set of real polynomials of degree less than or equal to 2. Let T : Py —
Ps be. defined by

T(a+br+ca®)=(a—b—c)+ (3a+2b+ )z + (b+ o)z
Discover whether T is invertible, and find the inverse in case it is. (15 points)
2. Let W be the subspace of R® consisting of all (z, 23, Z3, Z4, x5) which satisfy

2$1+2$2+$3+2$4—6$5=0
27y +x3 — 225 =0

2$1—$2+$3—$4=0.

Find a basis for W. (15 points)

3. Find A" (n € N), where A = [_5 9] (15 points)
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4. Consider the inner product (z,y) — z”Ay on R3, where A = 2 1 0f. Let
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a : R® — R be the linear map a(z1,2s,%3) = 21 + Z2, and f; = 1,—1,0). Find

(
fo, f3 € R3 s0 that f, € ker(a) and (fy, f2, f3) is an orthogonal (not necessarily
orthonormal) basis of R3®. (15 points)

5. Let L : V. — W be a linear map between finite dimensional inner produet spaces V
and W.
(a) Show that (im L)* = ker L*, where L* is the adjoint of L. (10 points)
(b) Show that dimim L = dimim L*. (10 points)

6. Let A,B € C™", and ¥ : C"*™ — C™" be defined by ¥X = XA — BX. Show
that the following two conditions are equivalent. (20 points)
(a) ¥X =Y has a solution X for every Y € C**n,
(b) A and B have no common cigenvalucs.




