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1. (20%) Show that a sequence of real numbers converges if and only if it is a Cauchy

sequence.

2. (20%) Suppose that f is a continuous real function defined on R and © is an open subset
of R. Determine whether the following statements are true of false. Prove the statement
if it is true, and give a counterexample if it is false.

a. (10%) f~*(O) is open in R.
b. (10%) f(O) is open in R.

3. (30%) Suppose that {f,} is a sequence of real functions defined on [0, 1] and that f, — f
uniformly on [0, 1]. Show that

a. (15%) If f, is continuous on [0, 1] for each n € N, then f is uniformly continuous on
0,11, |

b. (15%) If f, is Riemann integrable on [0,1] for each n € N, then f is Riemann
integrable on [0, 1] and

/1 f(z)dz = lim 1 fnlz)dz.

4. (10%) Find the 2nd-order Taylor polynomial of f(z,y) = /Z + /¥ about (z,y) = (1,4).

5. (20%) Determine whether the following statements are true of false. Prove the statement

if it is true, and give a counterexample if it is false.
a. (10%) If f is Riemann integrable on [a,b], then the function F(z) = [ f(¢t)dt is
differentiable on (a,b) and F'(z) = f(z) for z € (a,b).

b. (10%) If |f| is Riemann integrable on [a,b], then f also is Riemann integrable on
[a, b].




