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1. (30%) Suppose the correlation matrix of a random vector (X1, X», X3) is given as

1.0 0.5 —-0.
r= 0.5 1.0
—0.5 0

._.
o o o

(a) (6%) Find the eigenvalues of X.
(b) (9%) Find bases for the eigenspaces.associated with each eigenvalues of X.

(c) (6%) Find the diagonal matrix 4 and the orthogonal matrix P to orthogonally diago-

nalize .
(d) (3%) Find the spectral decomposition of 2.
(e) (6%) Show that X is positive semi-definite and.find 22,

2. (20%) Suppose A is a n X n symmetric matrix.

(a) (10%) Show that vectors corresponding to distinct eigenspaces of 4 are orthogonal.

(b) (10%) Consider the following definition: Show that
< u,v>=uldv
defines an inner product in R™

Definition 1 An inner product on awector space V is an operation that assigns to
every pair of vectorsu,v € V a real number < u,v > such that the following properties
hold for all u,v,w &V aondceR.

. <u,v>=<v,u>,

. <u,v4+w>=<u,v>+<u,w>,

1. <cu,v>=c<u,v>.

. <u,u>>0 and < u,u >=0 if and only if u=_0.

A vector space with an inner product is called an an inner product space.
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3. (5 %; 1% for each part) Write down the final answers only.
(a) Find —Ci(ﬁ +3z+1)
a o .

(b) Find ie“‘.

dz
(c) Find dix(ln(z) + zsin(z)).
(d) Find £— 1

dz 2 + cos(x)
(e) Find di:z sin(cos(z)).

e Note. For Problems 4 7 jyou need to show your,work in the solutions.
Writing down the'final answers only for these problems is'net enough to
receive any points.

¢ ¢
4. (20%) Let I(t) = / z" cos(z)dz and Jy(t) = / z™sin(z)dz for.n'> 0
0 0
and ¢ &€ (—o0,00).

(2) (14%) Express /5., (t) and J,.(t) in terms of I3(f), Jn(t), n and
t.
(b) (6 %), Compute I,() and Jo(r), and then find Ii(aw) and J (r)

using the expressions in Part (a).

5. (10 %) Let B(r) ={(@hyh «* + * < r*¥ for >0,

(a) (7%) Find / e Pu(z, y)TorT > 0
D(r)

(b) (3 %) FindWimsSee / e © ¥ d(z,y) based on your answer for
D(r)
Part (a).
6. (10 %) Let f(z,y) = z* + sin(zy) + y*. Does f have a local minimum
or a local maximum at (z,y) = (0,0)? Justify your answer.

7. (5%) Let ¢(z) = ﬂ\/lé_;e—ﬂ/ﬂ for z € (—00,00) and G(z) = / ~ st)dt

for z € (—00,0). Find lim 2G(z)
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