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1. [10%]True (mark 0) or false(mark x) questions: m:

(@) f2+2=5then1+1=3. ' X

(b) LetA, B, C, D be sets. Then (A-B) - (C-D)=(A-C)-(B-D). ;

(c) vx 3y P(x,y) implies 3x Vy P(x,y). - 3

%

(d) There are languages that cannot be recognized by any machine. ~ G
(e) If a relation is irreflexive and transitive, then it is asymmetric.

(f) The formula (P V~Q) A (~P V Q) is not satisfiable.

(9) If Ais not a tautology, then ~A must be satifiable.

(h) If A, B and C are languages, then A(BNC) =AB nAC.

(i) IfAis alanguage, then (A*)" = A",

() There are context free languages that can be recognized by finite automata.

2.  [3%]Which of the following formula is in conjunctive normal form and is logically equivalent to the

formula : (PA S) > (QAR) :
(@) ~PV~SV(QAR) (b) (~PV~SVQ)A(~PV~SVR)
(c)~(PAS)V (QAR) (d) (PVS\(~QV~R)

3. [3%]Suppose we have 4 algorithms designed to solve the same problem. If the running time of the 4
algorithms are expressed by divide-and-conquer recurrence relations as given below, then which
algorithm would be asymptotically the best?

(@) f(n)=10f(n/3)+10n
(b) f(n)=5f(n/2)+6n
(c) f(n)=9f(n/3)+ 2n?
(d) f(n)=201f(n/5) + 5 n?
4. [3%]Which of the following sets of boolean operators is not functionally complete?
(@) {or,not} (b){->,0} (c){xor,1}  (d) {nand}

5. [5%]There are ways in which 6 jobs can be assigned to 3 employees so that each

employee is assigned at least one job and the hardest job is assigned to the best employee.
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6. [9%]Answer the following questions about trees: &
(a) If T is a tree with 20 edges, then it has vertices. X
(b) If T is a balanced full 3-ary tree of height 5, then it has at least ____ vertices. ;‘
(c) If T is a full 4-ary tree with 82 leaves, then it has internal vertices. *
48

7. [5%] Solve the recurrence relation a, = 4 a,.1 - 4 a,. with the initial condition that a, = 1 and a, = 6. The
solution is a, = forallnz0.

8. [12%] Let Q, = (V,, E,) be a family of simple graphs where n 2 1 and the set of vertices V,, =
{a,b, c,d}" consists of all strings over the alphabet {a; b, ¢, d} of length n (,for instance, if n = 2, then
V,; ={aa,ab, ac, ad, ba, bb, .., dd},) and the set of edges E, consists of all unordered pairs of
members of V, which differ in 1 position (, e.g., if n= 4, then aaab and acab are adjacent since they
differs only in position 2. ). The distance of two vertices in a graph is defined to be the number of edges
of the shortest path between them and the diameter of a graph is defined to be the longest of all
distances of all pairs of vertices of the graph. |

(a) There are vertices in Q. [3%]
(b) The degree of every vertex v in Q, = [3%]
(c) There are edges in Q. [3%]

(d) Find all values of n under which Q, has an Euler circuit [3%)]

9. [10%] Show that a simple graph G with n vertices is connected if it has more than (n~1)(n-2)/2 edges.
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/0. (10%) 1. Please compute the QR-factorization of A.

1 0 -1
2 -3 3

-1 2 4

(B mas r & B p )

A:

/[. (10%) 2. By using orthogonal transformations, reduce the following
quadratic forms to sums of squares.

(8) 2x? + x2 - dx,x, - 4x,x,
(b) 8x,x, +2x,x, +2x,x; + 8x,x,

/> (10%) 3. Please use Gaussian elimination to solve the given system of
equations.

x+3y+2z=0
~x-4y+3z=-1
2x—-2z=3 .
2x-y+4z=2

/3. (10%) 4. Please find the least-squares solution to the given system of
equations. |

x+y-z=90
2x+y+2=200
xX+2y+2z=1320
3x-2y-4z=10
3x+2y-3z=220
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