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+x2:§, and (B) { J’1+y2=2

. . X
1.There are two linear equation systems: (A){ " :
¥, +1.001y, =2.001

They represent two straight lines on a plane with an intersection angle of 90° and

circa 0°, respectively. Both can be expressed as (A) Ax=Db, and (B) By =d with A=

1 1 X 2 1 1 N 2 . .
, = ’b: ’B: , V& ’d:: . -
L _J X Lj [OJ L 1.001} y—[yj [2.001} Their solutions are x; =1,

%=1, y=1, y,=1.
(1a) Please compute the inverse matrix of A and B, respectively, i.e. A™7=? and B
=? (8%)
(1b) Please compute the matrix norms ||A], |B|, |A™"||, and ||B7Y|, if we use the

l;-vector norm, where the /;-vector norm gives the column “sum” norm. (4%)

(1c) The condition number «(C) of a square matrix C is defined by «(C) = ||C|| ||C™].

Please compute the condition numbers «(A) and «(B) of both matrices A and B.
(4%) |
(1d) Is the matrix A more well-conditioned or ill-conditioning than the matrix B? Why?
(3%)
(1e) To see the meaning of k(A) and k(B), we add a small error term g, e.g. €=0.0001,

to the 15t row and 2™ column entry in A and B and get (A) A’x=b, and (B) B’y =

d with A’=E 1.0001} and B’=B 11’0000011] Please compute the new solutions which

~are rounded off to the sixth place below the decimal point, i.e. x’=9? x,’=%
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WE=E? =7 (4%)
(1) Comparin_g these new solutions with the old ones, please compute Ax=max( x,’-x

, 1%27-%,0), Ag=max(|y,’- |, |¥,°-¥,]) and & with Ag:Ag = 1:£, where the symbol

max(a, b) denotes the maximum of the two numbers a and b, i.e. A,=? Az=? £=?
(6%)
Then, you see the former is much less than the latter. It means a well-conditioned

matrix gives a more stable solution.

2. The following linear system:

10 0 2 -2 17[x] [4]

-1 2 0 1 -1 1/]|x,

0 1 2 -2 3 -1||x| |3 )
2 2 -1 0 1 2||x/| |-3 |
1 -1 1 0 2 0]|x 4

4 2 1 1 0 -1]|x]| |-3]

(2a) Please change the sequence of entries in the unknown vector x to
xM=ln x ox ox oxs o x]
and write the linear system in the same form as (1), which can be denoted in
matrix by Ax =b. (6%)
(2b) Find the solution vector by Gauss elimination. (18%)

(2c) Compute the determinant of A, namely det A = ? (8%)
(2d) Find the rank of A, namely rank A =? (4%)

3.Please find the straight line L, through the point P with the coordinates (x, y)=(1,2) in
- the xy-plane and perpendicular to the straight line L,: 3x-2y+2=0. (10%)
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4.The vector function 7 (f) = Rcoswot i+ Rsinot j represents a circle of radius R with

center at the origin of the xy-plane and describes a motion of a particle in the
counterclockwise sense, where ¢ denotes a time variable. Please write its velocity
vector and acceleration vector functions. (10%)

5.

(5a) Please write a parametric representation of the ellipse x? + ;1- y?2 =1. (4%)
(5b) Please find the parametric representation of the tangent to the ellipse x? + 2 y? =
4 i

1 at the point P with the coordinates (x, y) = (1/v2, v2). (11%)




