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1. (10 points) Determine the range of  on which the function
502—"5
flz)= / e’ dt
0

is decreasing.
2. (10 points) Given a set X, two metrics dy, do on X are called equivalent if there

exist C7,Cs > 0 such that

Chdi(z,y) < da(z,y) < Cada(z,y)

for all z,y € X. Prove that a subset E C X is open with respect to dy, if and
only if it is open with respect to ds.

3. Given a sequence {a,}, define limsup,, a, to be the supremum of all the limits
of convergent subsequences of {a,}. That is,

lim sup a,, = sup{c | Han, }i € {an}n such that lim a, = c}.

(b) (10 points) Find limsup, a, for

(a) (10 points) Prove that if a, < B for all n, then limsup, a, < B.

_2n—n?—(=1)"n’
B n+4

Qn

and prove your answer directly from the definition above.

4. (10 points) A function f : R — R is called integrable on R if it is Riemann
integrable on all intervals and the improper integral

[

is finite. Prove that if f is bounded and integrable, then f? is integrable on R.

5. (20 points) Prove that the function

(o) = {“‘é“) >

2. —
33 z=0.

is uniformly continuous on R.
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6. Let

: <
H(z) = 1, <0
0; x>0

H,(z) = 1H(z —n), and

Onie) =3 222,

(a) (10 points) Prove that G,(z) is Riemann integrable on all bounded inter-

vals.
(b) (10 points) Prove that {Gy,(z)} uniformly converges to a Riemann inte-
grable function on all bounded intervals.

7. (10 points) Given a continuously differentiable function f : R* — R? so that for
all x € R?, there exists integer N, > 0 and invertible 2 x 2 matrix A, so that

D = A (3 3) 42

prove that for every x € R?, there exists an open neighborhood U so that
f : U — f(U) is invertible. (Here, [Dfx] is the matrix representation of the

linear map D fx.)
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