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1. Let R be the set of all real numbers and let C be the set of all complex numbers.
(1) Let V =C? F =R, Is Vis a vector space with the operations of coordinatewise addition
and multiplication? Why? (59 )
(2) Let V =R? F=C, IsV is a vector space with the operations of coordinatewise addition
and multiplication? Why? (59 )

2. Let V=R?, Define (a,,a,)+(b,b,)=(a, +b,a,b,) and c(a,,a,)=(ca,,a,). Does the
identity of addition exist? If exists, find it. (59 )

3. Let V and W be vector spacesand T:V —W be linear. Showthat R(T)={T(x)|xeV} is
a subspace of Wand N(T)={x eV |T(x) = O}is a subspace of V. (109 )

4. Suppose that T:R? —R? islinear, T(L0)=(L4),T@1) =(25). Whatis T(2,3)? IsT
one-yo-one ? (59 )

5.Let ABeM,_ (F) suchthat AB =1, .Provethat Aand B are invertibleand B=A".
(10%)
0 001
. |00 2 0] |, .
6. If a<0, is 030 0 diagonalizable over R ? Why? (109 )
a 00o

7. Let N be a normal subgroup of a finite group G.
(1) If the order |N| and the index [G:N] are relatively prime, show that any element geG

satisfying g™ =1 must be in N. (10% )
(2) If H is a subgroup of G such that |[N| and [G:H] are relatively prime, show that Nc H.
(10% )
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8. (1) Show that for all n>2and all primes p, x"— pis irreducible over @, the field of rational
numbers. (10% )
(2) Show that the degree of the field extension C over Q is infinite. (109 )

9. Determine all ring-homomorphisms from Z®Zto Z. (10% )
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