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' First Part: Linear Algebra: (50 points).
| 1. Let A € Max3(R) and B € M3x3(R) be two 3 X3 real matrices such that
A(A—2B) = —(A—2B)A,
please answer the following questions:

(a) (8%) Show that det(AB — BA) =0.
(b) (8%) If the matrix B is given as follows:

2 -2 1
B=| -1 3 -1},
2 —4 3

find all possible matrices A satisfying (1). &
2. Let A € Mayo(C) be a 2 x 2 complex matrix. We define the set W{(A) C C as follows: ' |
W(A) = {v*Av: z € C¥, g%z =1},

where z* € C'*2 is the conjugate transpose of z € C2%1, Please answer the following questions:

0 2
| a=(55)
compute the set W(A) 7 _ \

(b) (8%) Given the set E = {z € C: |Re(2)] < 1, Im(z) = 0}, where Re(z) is the real part
of a complex number z € C and Im(z) is the imaginary part of a complex number z € C.
Find a matrix B € Max2(C) such that W(B) = E. (You have to check that your B satisfies
W(B) = E). : .

(a) (8%) Given a matrix A as follows:

3. (8%) Let (V, < -, >) be a n-dimensional real inner product space and B ={v1,v2, - ,Vn} is a basis

for V where n is a positive integer. Assume the matrix A = (a;;) where
aij =< Vi, Uj > for1<i,7<n.

Show that the matrix A is nonsingular.

4. (10%) Given a matrix A € Myxn(R) where m and n-are positive integers. The column rank of A
is the dimension of the subspace of R™ spanned by the column vectors of A. The row rank of A is
the dimension of the subspace of R™ spanned by the row vectors of A. Show that the row rank of a

matrix A is equal to its column rank.
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Second Part: Ordina,ry Differential Equations: (50 points) .

5. (10%) Solve the first order initial value problem

% =cost+ucost, wu(0)=2.

6.. (15%) Solve the second order initial value problem

d*u du 2' du
W-l-.b’z{—i-gu,—t, u(0) =1, %(O)—O.

7. (15%) Consider the autonomous equation

du 3 2
bt QU 1.
z u’ —u +u+

Determine all the equilibrium solutions and indicate the type of stability of the equ.lhbrmm solutions.

8. (10%) Determine the values of A for which the boundary value problem

has a nontrivial solution.

= Au, O__:z;_l, dx(o) 0, wu(1)=0,




