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1. (12%) 

(a) (6%) How many integer solutions of x + y+ z s 15 satisfy x 2::: 0, y 2::: 3, z 
2::: 5? 

(b) ( 6%) In how many ways can we select three distinct integers from l to 
29 such that their sum is a multiple of 3? 

2. (8%) A tree T has 2n vertices of degree 1, 3n vertices of degree 2, and n vertices 

of degree 3. 

(a) (6%) Determine the value of n. 

(b) (2%) What is the minimum number of edges that can be added to Tso 
that the resultant graph will have an Euler circuit? 

3. (10%) Given a k E I+, the number of derangements dk is defined as the number 

of arrangements of 1, 2, ... , k where none of the numbers 1, 2, ... , k are in their 

natural positions. Take k = 4 as an example, 4, 3, 2, 1 is considered as one of 

the derangements. We define d0 = 1 for convenience. 

For all n E I+, use combinatorial arguments to prove the following equation 

n! = (~) do + (~) d1 + (;) d2 + · ·· + (:) dn = L~=o (;) dk. 

Remarks: No marks will be given if your proof is not a combinatorial one. 

4. (10%) On the set I, define relation .'.R by a.Rb if a - b is a nonnegative even 

integer. 

(a) (5%) Prove or disprove that .'.R is a partial order on I. 

(b) (5%) Prove or disprove that .'.R is a total order on I. 

Remark: No marks will be given if you do not show your work. 
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5. (6%) Please answer whether each of the following statements is correct. 

(a) (1%) logn is in O(n°·1
) . 

(b) (1 %) n! + nn is in 0(nn). 

(c) (1 %) zn + nn is in 0(2n) . 

(d) (1 %) n! is in nczn). 

(e) (1 %) zn is in O(n100). 

(f) (1 %) n log n is in il(n2
). 

6. (6%) 

(a) (3%) Please draw the graph with the following sequential representation. 

[O] 5 [4] 15 [8] 2 [12] 3 

[1] 7 [5] 1 [9] 3 [13] 1 

[2] 10 [6] 2 (10] 0 [14] 2 

[3] 13 [7] 0 [11] 1 (15] NULL 

(b) (3%) Please draw the graph with the following representation of 
adjacency multilists. 

Nll 0 1 N3 I N4 

0 N210 2 NS I NULL' 

1 

N310 NULL' N6 2 3 

3 

N411 2 NULL' N6 

Nsl 1 3 Nl I N2 I 

N612 3 NULL' NULL' 
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7. (18%) 

(a) (3%) Please draw the min heap (shown as follows) following a delete 
mm. 

(b) (3%) Please draw the min-max heap (shown as follows) following a 
delete min. 

(c) (3%) Please draw the deap (shown as follows) following a delete min. 

40 



#_4 _]l , J_4 _]l 

(d) (3%) Please draw the min leftist tree (shown as follows) following a 
delete min. 

(e) (3%) Please draw the 2-3-4 tree (shown as follows) following the 
deletion of 15. 

15 

(f) (3%) Please draw the red-black representation of 2-3-4 tree shown in (e). 

8. (30%) For an input connected undirected graph G, 

• the HP problem asks if G contains a Hamiltonian path; and 
• the HC problem asks if G contains a Hamiltonian circuit. 

(a) (5%) Describe a polynomial-time reduction from HP to HC, and 

(10%) explain why such a reduction works. 

(b) (5%) Describe a polynomial-time reduction from HC to HP, and 

(10%) explain why such a reduction works. 

Remark: No marks may be given if the reduction does not work, or the 
explanation is incomplete. 


