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1. We say that a linear operator 7" on V' is a projection, if there are two subspaces Wy, Wy of V and

V = W; @ W, such that for all x = x; + x, with x; € W1, x3 € W, we have T'(x) = x;. In this
case, we called that T is the projection on W, along W,.

(a) (10%) LetT: V — V be a projection. Show that T =T.

(b) (10 %) Let W be a subspace of a finite dimensional vector space of V. Show that V = W &
W+, Define the projection T on W along W+.

(¢) (10 %) Let Wi, W, be subspaces ofdR3where W, = span{(1,0,0),(1,0,1)} and W, =
span{(1,1,1)}. Let T: R®* — R*bethe projection.on W; along W,. Let S be the standard
ordered basis for R®. Find the matrix representation '] for T'.

2. Let V be a vector space over:"Let

V* = {f: V — F| [ is alinear transformation. }
Note that V* is also a vector space. For a subset § C V, the annihilater S° of S is defined by
5% = {f e V¥ f(x)y="pforal xc S}

(a) (10 %) Show that S° is @ subspace of V.
(b) (10 %) Let W be.a subspace of a finite dimensional vector space of V. Show that

dim W+ dimW° = diml.

3. (10%) LetT: V — V be a linear operator on-afinite dimensional vector space V. Let 3, v be two
bases of V. Show that det([T']g) = det([T],)-

4. (20 %) Let A be areal n xX'n matrix. Show that A is invertible if and only if 0 is an eigenvalue of

5. (20 %) A real n x n matrix A is called positive definite if x” Ax > 0 for each nonzero vector
x € R™ Let A be an n x n positive definite matrix. For all x,y € R", define (x,y) = y” 4Ax.
Show that (-, -) is an inner product on R".
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