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(Total 100 Points.) There are 6 problems in this ezam. Show intermediate steps and

formulas for partial credit. You must explain how you compute your results or an-
swers for full credit.

1. (20 points) A joint probability density function of X and Y is given by

kzy(l—z) if0<z<landl<y<l1
flz,y) = (1-2) : g
0 otherwise

(a) Find k. (5 points)

(b) Find P(Y > X). (5 points)

(c) Are X and Y indepdnent? (5 points)

(d) Find ux = E(Y) and 0% = Var(X). (5 points)

2. (15 points) The gamma distribution plays an important role in both queuing theory and relia-
bility problems. Now let X and Y be independent random variables with X ~ gamma(a;, 3)
and Y ~ gamma(ag, 8), where the probability density function of gamma distribution (with
parameter o and ) is given by

T e_g, z>0

flza,8) =

Let U=X+Y and V =X/(X+Y)

(a) Find the joint distribution of U, V. (5 points)
(b) Find the marginal distributions of U and V', respectively. (10 points)

3. (15 points) The number of customers arriving per day at a certain automobile service facility is
assumed to follow a Poisson distribution with mean A\. Among the custoemrs who arrive at this
automobile service facility, p x 100% of the customers are coming for preventive maintenance of
their cars (i.e., each customer comes in for preventive maintence of his /her car with probability
p). If we let X = number of customers who come to the automobile service facility for presentive
maintenance and Y = number of customers who arrive at the automobile service facility (in a

day). What is the probability mass function (pmf) of X, and what is the expected value of X7 -
(€ ponts ) ([0 ponty
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4. (20 points) In order to test if 44 = u,, two samples are going to be selected from two normal

populations with means 4,4, and variances 0'12 =16, a% =36, respectively. Resources are

limited, and consequently the total sample size is restricted to 7y +n, =100.

(a) How should we allocate the 100 observationsto #; to obtain the most powerful test? (10 points)
(b) What is the resulting power of test if the true ¢y — ¢, =1 and @ =0.05? (10 points)

S. (10 points) A student believes that 20% of the students in NTUST who finished an OR course get a
grade B. A random sample of 100 students was taken.

(2) If we want to test the student’s hypothesis, what is the rejection region for the sample proportion
when « =0.027 (5 points)

(b) If twenty-four students in the sample received B’s, what is the p-value of this sample? (5 points)

6. (20 points) We are interested in computing a pooled estimate of the variance of two processes. Pooling
is justified if it appears reasonable to assume that the two processes have equal variances. The

following data are collected: (n, =8, X; =10,S% =40.84) and (n, =10,X, = 14,57 =86.50).
(a) Is pooling appropriate in this situation (test with @=0.1)7? (5 points)

(b) What is the pooled estimate of the common variance o’g ? (S points)

(c) Compute a 95% confidence interval for the pooled standard deviation o ,? (5 points)

(d) Testif #; equalsto 4y (test with a=0.05)7? (5 points)
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TABLE . Standard Normal Distribution Function

X
o

F(z)

F(z) = 71——J e~ Pdr

L 2 0z

z | 000 001 002 003 004 005 006 007 008 009

00 | 05000 05040 05080 05120 05160 05199 05239 05279 05319 0.5359
01 | 05398 05438 05478 0.5517 05557 05596 05636 05675 05714 0.5753
02 | 05793 05832 05871 05910 0.5948 05987 0.6026 0.6064 06103 0.6141
03 | 06179 0.6217 06255 0.6293 0.6331 0.6368 0.6406 06443 0.6480 0.6517
04 | 06554 06591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879

0.5 | 0.6915 0.6950 0.6985 07019 07054 07088 07123 0.7157 07190 0.7224
0.6 | 07257 07291 07324 07357 07389 07422 07454 0.7486 07517 0.7549
07 | 07580 07611 07642 07673 07704 07734 07764 07794 0.7823  0.7852
08 | 07881 07910 07939 07967 07995 0.8023 0.8051 0.8078 0.8106 0.8133
09 | 08159 0818 0.8212 0.8238 0.8264 0.8289 08315 08340 0.8365 0.8389

1.0 | 08413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621
11 | 08643 0.8665 0.8686 0.8708 0.8729 08749 0.8770 0.8790 0.8810 0.8830
12 | 0.8849 08869 08888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015
13 | 09032 09049 09066 09082 09099 09115 09131 09147 08162 09177
14 | 05192 09207 09222 09236 09251 09265 09279 09292 09306 0.9319

15 | 05332 09345 009357 09370 009382 0.9394 0.9406 ©+ 09418 09429 0.9441
1.6 | 09452 0.9463 0.9474 09484 09495 09505 09515 09525 093535 0.9545
17 | 09554 0.9564 09573 09582 09591 09599 09608 09616 09625 09633
1.8 | 09641 009649 09656 09664 09671 0.9678 0968 09693 09699 0.9706
19 | 09713 09719 09726 09732 09738 09744 09750 09756 09761 0.9767

20| 09772 09778 09783 09788 09793 09798 0.9803 0.9808 009812 09817
21 | 09821 09826 009830 09834 09838 0.9842 009846 09850 09854 0.9857
22 | 09861 09864 09868 09871 09875 09878 009881 09884 0.9887 0.98%0
23 | 09893 0.9896 09898 09901 09904 0.9906 09909 09911 09913 0.9916
24 | 09918 0.9920 0.9922 09925 09927 05929 09931 09932 09934 0.9936

25 | 09938 09940 0.9941 09943 09945 09946 09948 09949 05951 0.9952
26 | 09953 09955 09956 09957 0.9959 09960 09961 09962 09963 0.9964
2.7 | 0995 09966 09967 09968 0.9969 09970 09971 09972 09973 0.9974
28 | 09974 09975 09976 0.9977 09977 09978 09979 09979 09980 0.9981
29 | 09981 09982 09982 0.9983 09984 09984 0.9985 0.9985 0998 0.9986

3.0 | 09987 0.9987 0.9987 0.9988 0.9988 0.9989 09989 09989 09990 0.99%0
31 | 09990 09991 09991 09991 09992 0.9992 0.9992 09992 09993 0.9993
32 ] 09993 09993 009994 09994 09994 09994 09994 0.9995 0.9995 0.9995
33 | 09995 09995 09995 09996 09996 0999 0999 0.9996 0.9996 0.9997
34 | 09997 09997 09997 0.9997 09997 0.9997 09997 09997 09997 0.9998

TABLE CHI-SQUARE DISTRIBUTION

2

Entries in the table give 2 values, where a is the area or probability in the upper tail of the chi-square distribution. For example, with 10 degrees of freedom and
a .01 arca in the upper tail, x%, = 23.2093.

Area in Upper Tail
Degrees
of Freedom 995 .99 975 95 50 .10 05 025 01 00s

1 392,704 x 107'° 157,088 X 10™° 982,069 X 107 393,214 X 107" 0157908 2.70554 384146 5.02389 6.63490 7.87544
2 0100251 .0201007 .0506356 .102587 210720 4.60517 599147 737776 921034  10.5966
3 0717212 114832 215795 351846 584375 625139 7.81473 934840  11.3449 12.838]
4 206990 297110 484419 710721 1.063623 777944 9.48773  11.1433 13.2767 14.8602
5 411740 .554300 831211 1.145476 1.61031 923635  11.0705 12.8325 15.0863 16.7496
6 675727 872085 1.237347 1.63539 220413 10.6446 12.5916 14.4494 16.8119 18.5476
7 989265 1239043 1.68987 2.16735 2.83311 12.0170 14.0671 16.0128 18.4753 202777
8 1.344419 1.646482 2.17973 273264 3.48954 13.3616 15.5073 17.5346 20.0502 21.9550
9 1.734926 2087912 2.70039 3.32511 4.16816 14.6837 169190 19.0228 21.6660 23.5893
10 2.15585 2.55821 3.24697 3.94030 486518 15.9871 183070 20.4831 23.2093 25.1882
11 2.60321 3.05347 3.81575 457481 557719 17.2750 19.6751 21.9200 24.7250 26.7569
12 3.07382 3.57056 4.40379 5.22603 6.30380 18.5494 21.0261 233367 . 262170 28.2995
13 3.56503 4.10691 5.00874 5.89186 7.04150 19.8119 223621 247356 27.6383 298194
14 4.07468 4.66043 5.62872 6.57063 7.78953 21.0642 23.6848 26.1190 29.1413 313193
15 4.60094 522935 6.26214 7.26094 8.54675 223072 24.9958 27.4884 30.5779 32.8013
16 5.14224 5.81221 6.90766 7.96164 9.31223 235418 26.2962 28.8454 31.9999

17 5.69724 6.40776 7.56418 8.67176 10.0852 24.7650 27.5871 30.1910 33.4087
18 6.26481 7.01491 8.23075 9.39046 10.8649 259894 28.8693 31.5264 34.8053

19 6.84398 7.63273 8.90655 10.1170 11.6509 27.2036 30.1435 32.8523 36.1508
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‘Table . Critical Values of the ¢-Distribution

o
v 0.40 0.30 0.20 0.15 0.10 0.05 0.025
1 0.325 0.727 1.376 1.963 3.078 6.314 12.706
2 0.289 0.617 1.061 1.386 1.886 2.920 4.303
3 0.277 0.584 0.978 1.250 1.638 2.353 3.182
4 0.271 0.569 0.941 1.190 1.533 2.132 2.7T76
5 0.267 0.559 0.920 1.156 1.476 2.015 2,571
6 0.265 0.553 0.906 1.134 1.440 1.943 2.447
7 0.263 0.549 0.896 1.119 1.415 1.895 2.365
8 0.262 0.546 0.889 1.108 1.397 1.860 2.306
9 0.261 0.543 0.883 1.100 1.383 1.833 2.262
10 0.260 0.542 0.879 1.093 1.372 1.3812 2.228
11 0.260 0.540 0.876 1.088 1.363 1.796 2.201
12 0.259 0.539 0.873 1.083 1.356 1.782 2.179
13 0.259 0.538 0.870 1.079 1.350 1.771 2.160
14 0.258 0.537 0.868 1.076 1.345 1.761 2.145
15 0.258 0.536 0.866 1.074 1.341 1.753 2131
16 0.258 0.535 0.865 1.071° 1.337 1.746 2.120
17 0.257 0.534 0.863 - 1.069 1.333 1.740 2.110
18 0.257 0.534 0.862 1.067 1.330 1.734 2.101
19 0.257 0.533 0.861 1.066 1.328 1.729 2.093
20 0.257 0.533 0.860 1.064 1.325 1.725 2.086
21 0.257 0.532 0.859 1.063 1.323 1.721 2.080
22 0.256 0.532 0.858 1.061 1.321 1.7117 2.074
23 0.256 0.532 0.858 1.060 1.319 1.714 2.069
24 0.256 0.531 0.857 1.059 1.318 1.711 2.064
25 0.256 0.531 0.856 1.058 1.316 1.708 2.060
26 0.256 0.531 0.856 .1.058 1.315 1.706 2.056
27 0.256 0.631 0.855 1.057 1.314 1.703 2.052
28 0.256 0.530 0.855 1.056 1.313 1.701 2.048
29 0.256 0.530 0.854 1.055 1.311 1.699 2.045
30 0.256 0.530 0.854 1.055 1.310 1.697 2.042
40 0.255 0.529 0.851 1.050 1.303 1.684 2.021
60 0.254 0.527 0.848 1.045 1.296 1.671 2.000
120 0.254 0.526 0.845 1.041 1.289 1.658 1.980
oo 0.253 0.524 0.842 1.036 1.282 1.645 1.960
TABLE. F DISTRIBUTION
Area or
probability
0 Fa

Entries in the table give F, values, where a is the area or probability in the upper tail of the F distribution. For example, with 12 numerator degress of freedom,
15 denominator degrees of freedom, and a .05 area in the upper tail, F o = 2.48.

Table of F ,; Values
Denominator Numerator Degrees of Freedom
Degrees
of Freedom 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 =

1614 1995 2157 2246 2302 2340 2368 2389 2405 2419 2439 2459 2480 2491 250.1 251 2522 2533 2543
1851 1900 19.16 19.25 1930 1933 1935 1937 1938 19.40 19.41 19.43 1945 1945 1946 1947 19.48 19.49 19.50
10,13 955 928 912 901 894 889 885 88l 879 874 870 866 864 862 859 857 B85S 8.53

771 694 659 639 626 616 609 604 600 596 591 58 580 577 575 572 569 566 5.63

1
2
3
4
5 6.61 579 541 519 505 495 488 482 477 474 468 462 456 453 450 446 443 440 436
6 599 514 476 453 439 428 421 415 410 406 400 394 387 384 381 377 374 370 367
7 559 474 435 412 397 387 379 373 368 3.64 357 351 344 341 338 334 330 327 323
8 532 446 407 384 369 3.58 350 344 339 335 328 322 315 312 308 304 301 297 293

9 502 426 386 363 348 337 329 323 318 314 307 301 294 25 286 283 279 275 271
10 496 410 371 348 333 322 314 307 302 298 291 285 277 274 270 266 2.62 258 254
11 484 398 359 336 320 309 301 295 29 285 279 272 265 261 257 253 249 245 240
12 475 389 349 326 311 - 300 -291 285 280 275 269 262 254 251 247 243 238 234 2.30
13 467 381 341 318 303 292 283 277 271 267 260 253 246 242 238 234 230 225 221
14 4.60 3.74 3.34 3.1 2.96 2.85 2.76 2.70 265 260 253 246 239 235 2.31 227 222 2.18 213
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