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1. (204") Let X3, - -, X,, be independent and identically distributed Uniform(0, 1)
random variables. We say that a record occurs at position 7, ¢ < n, if
X5 <X forall T < <.
(a) Let R; = 1 if a record occurs at position ¢ and 0 otherwise. Find
the probability distribution of R;.

(b) Find the mean and variance of the number of records.

2. (2097) Let Y = e* where X is normally distributed with mean yx and
variance 2.
(a) Find the probability density function of Y.
(b) Find the expectation of Y.
(c) Find the variance of Y.
(d) Find the mode of the distribution of Y.

3. (20%") Consider the joint distribution of two random variables (X,Y).
Suppose that the density function of X is f(z) = 8e % 2 > 0,60 > 0, and
given X = x, the conditional distribution of Y is f(y|z) = e %% (B8z)¥/y!,
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(a) Find the marginal probability density function of Y.
(b) Find E(Y), Var(Y) and Cov(X,Y).

4. (20%") Let X be a random variable having probability density function
f(z;0) =021, 0 <z < 1. Totest Hy:6 < 1 against H, : > 1, the
critical region C' = {z : 5 < z} was used.

(a) Find the power function of the test.
(b) Find the size of the test.

5. (20%") For a simple linear regression model with no intercept:
Y; = Bx; + &; where ¢; for i = 1,-- -, n are independent and N(0, o).

(a) Find the maximum likelihood estimators of 3 and 2.

(b) Assume that 4 and o2 are both unknown. Derive the likelihood
ratio test for Hy : 8 = 0 against H, : 8 # 0.
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