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In the following, boldface capital and lower-case letters denote matrices and vectors, respectively.
For questions 1~3, please select the best answer from the choices provided. (£ %)
For questions 4~13, please provide both answers and justifications.

1. (5%) Suppose a 4 x 5 matrix A has rank 4. Then the equatlon Ax=b

(2) always has a unique solution.

(b) always has no solution.

(c) always has many solutions.

(d) sometimes but not always has a unique solution.
(e) sometimes but not always has many solutions.

2. (5%) Suppose a 3 X 5 matrix A has rank 3.

(a) The orthogonal complement of the range space of A is a 3-dimensional space.
(b) The null space of A is a 3-dimensional space.

(c) The column space of A is a 3-dimensional space.

(d) The kernel of A is a 3-dimensional space.

(¢) The orthogonal complement of the kernel of A has dimension 2.

3. (5%) Which of the following matrices is a linear combination of [g _21], [ 21 g], and [(?5 ;] ?
@[%, Jol Jof; ol Jeli 7]

4. (10%) Let A and B be 3x3 matrices with det(A) = 5, det(B) = 10, and det(A+B) = 60. Decide the

following values.
(@) (5%) det(A+A).
(b) (5%) det(A*B+AB?).

5.( 10%) Let A be an 2x2 real symmetric matrix

1
(a) (5%) Find Az.
T
(b) (5%) F(x) = %, find the maximum and minimum values of F(x) over the set of nonzero vectors

in R?,

6. (10%) Let dim(Z) denote the dimension of the vector space Z and rank(C) denote the rank of the

matrix C. Show that: .
(a) (5%) If X and Y are subspaces of a vector space V, then dim(X+Y)=dim(X)-+dim(Y)-dimXNY).

(b) (5%) rank(A+B) < rank(A)+ rank(B) where A and B are m x n matrices. (Hint: use the result in
(a))

7. (5%) Given the following matrix:
[ 2 1- i]
1+i 1 F
Determine whether it is Hermitian, unitary, singular and positive definite.

Please explain your reasons to each answer.
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8. (5%) Let uy= (1,1,1D)7T, up=(1,2,2)T, uz=(2,3,4)".
(a) (2%) Find the transition matrix corresponding to the change of basis from [ey, €;, €3] to
[uy, uz, uz].
(b) (3%) Find the coordinates of (2,3,2)" with respect to [uy, u,, uz].

9. (10%) Suppose that A is a 5x3 real matrix of rank 3.Let W = ATA and S = AAT.
(@) (3%) Find the ranks of W and S.
(b) (3%) Explain why A = 0 is an eigenvalue of S.
(c) (4%) What is the (algebraic) multiplicity of the eigenvalue A =0 of S ?

10. (5%) Find the Jordan canonical form of

Jo1 ool
[0 0 1 OJ'
0 0 01

11. (10%) Let M be the vector space of all (3x3) real-valued matrices over the real field. Let T: M—M
be a linear transformation given by '
2 1 -1
1 2 11
1

-1 2

T(X) = AX, where A=

(a) (5%) Find a basis for the kernel of T.
(b) (5%) For each eigenvalue of T, find a basis for the corresponding eigenspace.
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12. (10%) If K =

2
1
2
22

23
24-

22
2
1
2

22

23

23
22
2
1
2
22

24
23
22
2
1
2

257
24
23
22
2

1

. find det(K).

13. (10%) On P,(R), consider the inner product given by < p, ¢ >=/ 01 p(x)q(x)dx.
(a) (5%) Show that the basis (1, x, x?) is NOT orthonormal.
(b) (5%) Apply the Gram-Schmidt procedure to (1, x, x?) to produce an orthonormal basis of P,(R).
Note that P,(R) is the set of all polynomials of degree 2 with real valued coefficients. '






