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There are 6 problems in this test. Note that you should write down detailed steps for the solution to
each problem; otherwise, no credits for that problem will be given.

1. Find the coefficient of x’ in each of the following formulas.
(a) [10%] ((x*-3x)/(1-x)°)+3x"+5.
(b) [10%] —2/((x—1)(x-2)).

2. Consider the counting of the number of onto functions A: 4 — B where |4| > |B|.

(a) [10%] Find the exponential generating function for the above counting such that the
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(b) [10%] Apply the above exponential generating function to find the answer of the above
counting where |4| = 10 and |B| = 3.

is the answer of the above counting.

3. LetX= {0, 1} be an alphabet and A = {1, 00, 10} be a subset of T*.
(a) [10%)] For each integer n = 1, let a, be the number of strings in A* of length . Find and solve
a recurrence relation for ay.

(b) [10%)] For each integer 7 = 1, let by, be the number of strings in A* which are of length 7 and
exactly divided by 2 when we regard each of the strings as a binary number. Find bj,.

4. Consider the additive group (Zg, +).
(a) [5%] What is the order of 67 Why?
(b) [5%] Find all generators of the group.

5. Consider the multiplicative group (Z1qg, *).
(a) [5%] What is the order of the group? Why?
(b) [5%] Find the inverse of 25.

6. Let (ZxZ, @) be the group with (a, b)®(c, d) = (a+c+2, b+d-2) for any (a, b), (¢, d) € ZxZ where
a+c+2 and b+d-2 are computed using ordinary addition and subtraction in Z.
(@) [2%] 3(4,5) = (4,5)®(4,5)D(4,5)="?
(b) [5%] What is the identity of the group?
(c) [5%] What is the inverse of (a, b)?
(d) [8%] Let (G, +) be an additive group and let 4: ZxZ — G be a group homomorphism where
h(3,2) =u and h(-2, 6) = v. Please express 4(18,22) in terms of # and v.






