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1. [10%] Find the Taylor series expansion for the function

1

X

about = 0 and find the convergence of interval of the series.

[15%] Define f:R2 =+ R as
5/2

f(z,y) = 22 +y2

for (x,¥) # (0,0) and f(0,0) =0. Is f continuous at (0,0)7 Verify your assertion.

[15%] Let {an} be a positive sequence with 3 a, divergent. Show that the series

a
Z 1 +“an

also diverges.

[15%] Let {fn} be a sequence of continuous functions defined on [0, 1], and suppose that the
limit Bmy, o0 frn(2) = f(z) exists for any = € [0, 1].

(1)[7%)] Is f continuous on [0,1]7 Verify your assertion.

(2)[8%] Is it true that

Jm [ ' fa(e) do = / ' (o) o

Verify your assertion.

[15%)] Show that the equation
z? o +y+sinz®+42) =0

determines a unique solution y as a function z near the point (0, 0) and show that this unique
solution is differentiable at 0. Find the derivative 3/(0).

[16%] Show that for any continuous function f : [0, 1] — [0, 1], there exists a point £ € [0,1]
for which f(¢) =¢.

(1)[8%)] Is the intersection
n
(Ve
k=1
of open sets V4,..., V, in some metric space X open in X? Verify your assertion.

(2)[7%) Is your assertion in (1) still true if the finite intersection is replaced with a countable
intersection of open sets in X7 Verify your assertion.
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