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1. If both square matrices B and C are inverses of a square matrix A, then B = C. In 
other word, if A has an inverse, the inverse is unique. Please prove the uniqueness. 
(10%) 

2. Please prove the following addition formulas for sine and cosine: (15%) 

sin（α ＋ β）＝ sinαcosβ ＋ cosαs旭β

sin（α一β）＝ sinαcosβ － cosαsinβ

cos（α＋ β）＝ cosαcos-yJ-sin a sinβ 

cos（α一 β） =cosαcosβ ＋ sinαsinβ 

(Hint: You can use the linear transformation y=Ax wi也 a rotation ma出xA to derive it.) 

I cosB sinθ ︱
3. Given a real square ma廿ix A= I I. this matrix A is o此hogonal.

I-sinθcosθ ︱

(1) Please explain the definition of an orthogonal matrix and prove that A is an 

orthogonal matrix. (10%) 

(2)An o『thogonal transformation p陷serves the value of the inner prqduct of vectors. 

What is an o『thogonal transformation? Please verify that it holds for this matrix 

A. (15%) 

4. Let R be a closed bounded region in the 勾1-plane whose boundary C consists of 

finitely many…th curv叫er deri心叫創刊＝ ~fc(xφ－ ydx). T他
formula expresses the area of R in terms of a line integral over the boundary C. The 

theory of some planimeters﹛求積儀﹜ is based on it. Please derive this formula A = 

說（除戶）但

峙, ' 
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5. In a space defined by the right-handed Cartesian coordinate system, let i , j, k be 

the three unit vectors in the directions of positive x圈， y- and z-coordinate axes, 

respectively. Let a pa此icle A of mass M be fixed at a point P0 （峙，的， z0) and let a 

particle B of mass m be free to take up various positions P(x, y, z) in space. Then A 
attracts B. According to Newt。n’s law of gravitation the corresponding 

gravitational force ji is directed from P to 月， and its magnitude is propo此ional to 

1/r2, where ris the distance between P and P0, S呵，

lfii=c ／計， withc= GMm 

where G (=6.67·1 o-8 cm3 g-1 sec-2) is the gravitational constant. Hence ji defines 

a vector field in space. 

(1) Please prove the gravitational force vector p= 

一 c(x-x0) -: -c(y-yo） 『－ c（，一，、→。 ＋一一一τ一一·j ＋一一一τ」－ ·k. (10%) 
r- r r 

(2) The g悶dient of a given scalar function }{x, y, z} is the vector function defined by 

_ af 『 a1 τ a1 『
grad/- -i+-1 ＋一－k. Please show that the force p is the gradient of the 

~句y oz 
scalar function/ (x, y, z}=c.狀， which is a potential of that gravitational field. (10%) 

(3) Please prove that/ satisfies the following famous Laplace’s equation: (10%) 
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