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General Notations:

R: The set of real numbers.

Z: The set of integers.

@Q: The set of rational numbers.
la,t] ={z€R|a <z <b}.
A\B:={z€A|z¢B}

1. (10 points) Compute the following double infegral:

I s
2 —$2
f f e dzdy.
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2. Given a metric space (X, d),

(a) (5 points) State the definition of a metric d on X.
(b) (5 points) Define open subsets of X with respect to d.
(c) (5 points) Define compact subsets of X with respect to d.

3. Given a metric space (X, d), determine whether each of the following statements
is true or false. Prove the statement if it is true, and provide counterexample if

it is false.
(a) (10 points) Any intersection of open subsets of X is open.
(b) (10 points) Any intersection of compact subsets of X is compact.

4. Given a sequence {a,} of real numbers,
(a) (5 points) State the definitions of im sup,, e, and lim inf, a,.
(b) (5 points) Prove that if a, converges to a, then

lim inf @, = lim sup a, = a.
n

5. Consider the function f : R — R defined by

' z?eost ;T #£0
I)= =
(@) {0 e
(a) (10 points) Prove that f is differentiable on R.
(b) (5 points) Prove that f' is not continuous at z=10. .
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6. For z € R, define the function (z) to be the fractional part of z. That is,
($) =T [I]’

where [z] is the greatest integer < z.
(a) (5 points) Prove that (z) is continuous on R\Z.
(b) (5 points) Given n & Z, what is the set of discontinuity for (nz).

(c) (10 points) Prove that the function
52
n=1 n?
is continuous on irrational numbers R\Q.

7. (10 points) Given a continuous function f on [a,b], prove that there exists a

sequence of polynomials {P,} so that

b
]_u:nf |f — Pu|? dz=0.

n—o0

(Hint: You may use some famous theorem)




