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1. Let A=|a,b]
= [a,b)
C = (a,b)
D ={(xy):x*+y?<1}
E={(xy 2):x*+y*+ 22 <1}
Determine which are the compact sets and give reasons to support your answer. (10 points)

2. Prove that Sisaclosed set © S = S.(10 points)

3. In a metric space M, if subsets satisfy A €S € A, where A is the closure of A, then A is
said to be dense in S. For example, the set Q of rational numbers is dense in R. If A is dense
in S and if S isdense in T, prove that A is dense in T. (10 points)

4. A metric space M is said to be separable if there is a countable subset A which is dense in
M. For example, R is separable because the set Q of rational number is a countable dense
subset. Prove that every Euclidean space R¥ is separable. (10 points)

5. Let Sand T be subsets of R*. Provethat SNT € SNT andthat SNT € SNT ifSis open.
(10 points)

6. Prove that in Euclidean space R* every Cauchy sequence is convergent. (10 points)
7. Prove that fis continuous on § if, and only if,
f(A) € f(A) for every subset 4 of S.(10 points)

8. Give an example of a continuous function f :S— T and a Cauchy sequence {x,} in metric
space S for which {f(x,,) } is not a Cauchy sequence in metric space 7. (10 points)

9. Assume that f is uniformly continuous on a bounded set S in R™. Prove that f must be
bounded on S. (10 points)

10. Assume that f,, = f uniformly on S. If each f,, is continuous at a point ¢ of S, prove the limit
function f 1is also continuous at ¢. (10 points)



