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. Suppose that the matrix

1 0 0 -1
01 -2 0 4
00 0 1 2

00 0 0 o

is the reduced row echelon form of the matrix A. Denote AU) the 7' column of the
matrix A.

3 -1 4
(a) (4 Points) Determine A®) if A = ; ,AQ) = :§ and AW = 3
7 —2 8

(b) (4 Points) Determine a basis for the subspace W = {z € R : Az = 0} of R,
(¢) (6 Points) Find the orthogonal projection of u = (1,-2,0,1,0) on W.
(d) (8 Points) Find a basis for the orthogonal complement of W.

Let M, xn(F) be the vector space of all n x n matrices from the ficld F. Let
Wi ={A€ M,yxn(F): A" = A} and Wy = {4 € M,,xn(F) : A* = —A}. Define
T: Myxn(F) — Wy by T(A) = A+ A

(a) (8 Points) Determine dim (W) and dim(Ws).

(b) (8 Points) Is T invertible? Why?

Let A be a 5 x 5 matrix with the characteristic polynomial
ft)=—to+2t" — 42 - 2.

(a) (8 Points) Determine rank(A).
(b) (8 Points) Calculate the determinant of the matrix A* — 24°% + 4.

(30 Points) Prove or disprove each of the following statements.

(a) Let Wy and Wy be subspaces of a vector space V. Then Wy U W, is a subspace of
V.

(b) Let V' and W bhe vector spaces and T : V — W be a linear transformation. If
dim(V) > din(W), then T is one-to-one.

(c) Let Az = b be a system of mn linear equations in n unknowns. If rank(A) = m,
then Az = b has a solution.

(d) If A is an n x n matrix such that A% = I,,, the n x n identity matrix, then A = I,
or A=-1I,.

(e) Let T be a self-adjoint linear operator on a finite-dimensional inner product space
V. Then every eigenvalue of T is real.

5. (16 Points) Let W be a finite-dimensional subspace of au inner product space V' and

let z € V\W. Prove that there exist unique vectors u € W and y € W+ such that
r=u+y.
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