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Part [ : Linear Algebra

1. (20 points) Mark each of the following Ture or False.

(a) Every vector space with a nonzero vector has at least two distinct
subspaces.

(b) Two subspaces of a vector space V may have empty intersection.

(c) If {v1,va,...,v,} generates a vactor space V, then each v € V is
a unique linear combination of the vectors in this set.

(d) All vector spaces having a basis are finitely generated.

(e) Any two bases in a finite-dimensional vector space V have the same
number of elements.

(f) If B = {by,by,...,b,} is a basis for R® and 7" and 7" are linear
transformations mapping R"™ into R™, then T'(x) = T’(x) for all
x € R™ if and only if T(b;) = T'(b;) fori =1,2,...,n.

(g) Let {vi,va,v3} be a basis for a vector space V. If w is not in
sp(v1,va), then sp(vy, vo, w) = sp(vy,va, v3).

(h) Let A be a 3 x 4 matrix. If Ax = b is consistent for all b, then the
column space of 4 is R?.

(i) Let A and B be square matrices and B is diagonal, then AB = BA.

T
() 2z ||z > 0} is a subspace of R3.
0
1 12 12 4 1 2 4 8
. 2 6 -11 I 3 9 27
2. (14 points) Let A = 3 7 4 9 and B = 1 4 16 64
4 9 8 3 LBy 28 125

Find the following values: det(A), det(B), det(A+A4), det(AT A), det(AB™1),
det(A%), det(adj(A)).

3. (5 points) Let A be a matrix such that A? is invertible. Prove that A is
invertible.

4. (5 points) Prove the similar matrices have the same eigenvalues with the
same geometric multiplicity.

5. (6 points) Let T : P3 — P, be defined by T'(f(z)) = f/(2z — 1) and let
B = (2,22, z,1) and B = (z%,2,1) be ordered bases for P; and P,
respectively.

(a) Find T(z® 4+ 2 — 1).
(b) Find (T)8', which is the matrix representation of T relative to B,
B,
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Part I : Algebra

6. (10 points) Let G be a finite group of order 85. Then

(a) Find the numbers of the Sylow 5-subgroup and Sylow 17-subgroup
of G.

(b) Show that G is a direct product of two normal subgroups of G.
7. (10 points) In integral set Z. We define a = b to be

a+b if ais even,
axb=
a—b ifaisodd.
Show that (Z, *) forms a non-abelian group.

8. (10 points) If M, N are normal subgroups of G, then prove that M N N
is normal subgroup of G.

9. (10 points) Show that if 1 — ab is an unit in a ring R, then so is 1 — ba.

10. (10 points) Show that (19) is a prime (maximal) ideal in Z[z].
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