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Notation: s
iid.: identically independently distributed; pdf: probability density function; MLE: maxi-
mum likelihood estimator; Exp(f) random variable means a random variable with exponential - -
distribution with a parameter 6 and its pdf is f(z|¢) = %e‘%, z > 0. X is the sample mean.

1. (15%) Xi,...,X, are i.i.d. random variables with mean u and variance o?. Assume
u # 0. What is the asymptotic distribution of
11
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Express your answer using u and o.

2. (15%) A stick of unit length is randomly cut into two pieces. Please compute the
expected ratio of the length of the shorter piece to that of the longer piece. |

3. (15%) Let X;,...,X, be iid. Fzp(l) random variables. Défine the random variables
Y,...,.Y,byY;=1if X; >3 and ¥; =0 if X; < 3. Find the distribution of Z?=1 Y.

4. (20%) Let X3,..., X, be Ezp(6;) random sample and Y7, ...,Y, Ezp(fz) random sam-
ple. X’s and Y’s are independent.
Find the likelihood ratio test of Hy : 81 = 05 against H, : 0; # 0, with significance level
a (You have to specify the test statistic and the rejection region). -

5. (20%) Xi,...,X, are i.i.d. Bernoulli(p) random variables. Let ¢ = P(X; = 1,X, =1).
Find the uniformly minimal-variance unbiased estimator (UMVUE) of g.

6. (15%) Let Xi,..., X, be a random sample from a continuous distribution F (no ties).
The distribution of F has mean u and variance o2. Let X7,..., X be the sample with
replacement randomly chosen from Xi,...,X,. Let X* = Z“—;—)—g Please Calculate

Var(X*) (Express your answer using o and n).




