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1. (15%)

(a) (5%) State the Intermediate Value Theorem.

{(b) (10%) Let f : R — R be a continuous function and I be an interval. Prove that f(I)
is an interval.

2. (10%) Show that if f is continuous, then

/Omf(u)(x—u) du=f:/:f(t) dtdu.

(Hint: Use the Fundamental Theorem of Calculus)
3. (10%) Find all points in R where the series

converges (that is, the interval of convergence).

4. (10%) Let R C R? be the region bounded by the linesz +y=1,z+y=~lL, z—y=1
and £ — y = —1. Evaluate the integral

f/ :c+y+2 " dady

(Hint: Set u =z +y and v =z — y, and use the change of variables.)
5. (10%) Find the 2nd-order Taylor polynomial of f(z,y) = e®**¥ about (z,y) = (0,0).

6. (20%) Determine whether the following statements are true or false. If it is true, prove it.
Otherwise, disprove it or give an counterexample.

(a) (6%) Let X be a metric space and f : R* — X be a continuous map. Suppose that
E-is a closed and bounded subset of R*. Then f(E) is a closed and bounded subset

in X.
(b) (7%) Let {fn}32; be a sequence of integrable functions on [a, ] and converges uni-
formly to a function fon [a,b]. Then

lim fn(:c dsc—/ flz) dz

n—o0

(c) (7%) Let {a,}2, be a sequence of nonnegative numbers Suppose that Z

n=1

1—i—an
o0

converges. Then E @, CONVErges.

n=1
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7. (10%) Let E = [a,b] x [c,d] be a subset in R?. and f: ¥ — E be a function satisfying
1f@)—f)| <l|z—-vl VmyeE z#y

where || - || is the usual metric in K2, Prove that there is a point 2y € E such that
f(zo) = z0.
8. (15%) Define f : R? — R? by

Flz,y) = (¥, d2® + dzy + y® + 67 + 4y).

Define U := f(R?) be the range of f.

(a) (7%) Prove that the inverse function of f (say f~!: U — R?) exists.
(b) (8%) Find the matrix representation of {Df)(0, 0).




