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1. There are 5 questiory carrying 100 marks.
2. Credits will be given only when the question mumbers and corresponding
answers are indicated clearly.

1. (20 points) Solve the following initial value problem using Laplace transform. Credits will
he given ONLY if the selution is obtained by using Laplace transforni

' +4y =1+ H({t—5),y(0) = 1,¥'(0) = 0, ()

where H(.) represents the Heaviside function.

2. (30 points) The Fourier series of a function f(z) defined on x € [—L. L] is given by

nNmx. , . Tk
Fz) = —ao—l—Zancos( ) by sin(—

n=1

Answer the following questions.

(a) (5 points) Consider function f(x) = #* on x € [—3,3]. This function has the Fourier
series on [-3,3] given by

36 °0 —1y :
3—%—'9——2( 2) cos(nwz/3). (2)

Under which conditions, we can differentiate the series in Eq. (2) term by term to
obtain the Fourier expansion of f/(#) ou [-3, 3] (select all answers that are correct)?
(a) f is coutinuous.

(b) f'is piecewise continuous.

(¢) f(x) = Qasx — cc.

(d) f(-3) = F(3).

(&) [, IF(@)lde < oo
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(b) (10 points) The complex Fourier series of f(x) for x € [-3,3] is
. .
Z dn gl
n=-—0o
where «,, can be obtained as
do=a e+ b, (3)

Derive the coefficients a and b in Eq. (3).

(¢) (10 points) Find the Fourier cosine integral representation of g(zx) defined as

2 _

%, 0L2<3

g{x) = - _ (4)
0, otherwise. :

To get full credits, the Fourier integral cosine coefficient 4, must he arranged in the
form of
a - sin{ew) + bcos(cw).

(d) (5 points) State the convergence of the Fourier cosine integral obtained in Question
2{c) for 0 < x < oo.

3. {20 points) Solve the following wave equations.

&%y D%y .
oag = 4gp T2, —oo <z <oot> 0
9y(x,0)

ylz,0) = Sin(:r),T =0, —oc0 <z <00,
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4. {15 points) Let f(z) = ;,51:_—1
(a) (10 points) Find a Laurent series of f{z) in an region 0 < |z — zp| < R about zg = i
which converges to f(z).

(b) (5 poiuts) Specify R.

5. (15 points) Use the residue theorem to evaluate the given inverse Laplace transform

: 1
Fls) = s+ 8

Express your answer in terms of real-valued functions.




