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Part I: True (T) or False (F). You do not need to justify your answer. (30%; 3% each.)
1. The symbol 0.9 = 0.999999 ... means there are infinitely many 9 after the decimal point, then 0.9=1.
2. If f'(x) is continuous on [0, =) and P_'l’l;f(x) = 0, then fumxf’(x)dx+f:°f(x)dx = 0.

3. There exists a power series Yo, a,x" which is convergenton (—1,2) and divergenton (co,~1] U [2, ).

4, Student A knew the formula: 2sinx cosy = sin{x + y} +sin(x — y). He has an idea that if we view x as a fixed
number and view y as a variable, then we can differentiate this formula with respect to y on both sides to get
—2sinxsiny = cos(x + y) —cos(x — y).
Is this process correct and is this new formula correct as well?

, A 1, 2 . . . .k
5. Consider the limit ,}lx_r’rt:lo (—1—1-2- + = 4 e ;—l";) Student A gives the following argument: Since 1}1_210;3 = 0 forevery k =

1,2, ...,n, by the Limit Sum Law, we have

) 1 2 n o1 .2 n
lim (—2+~—5+---+—5)= im —+ lim —+ -+ lim—=0+0+-+0=0.
n-o \1 n n 2

TI=200 nZ Tt=—+00 nZ n—oo N

Is this argument correct?

x* ifx<1 ) . .
6. Let f(x) = 9% ifr> 1 Find f(x).StudentA gives the following argument:

«If x <1, then f'(x) = 2x.
«if x > 1 then f'(x) = 2. S =

«If x=1,then xli.nf-f (x) = }lr%f (x)=2.5 f'(1)=2.

2x ifx<1

. . Is this argume ?
2 ifx>1 is arg nt correct

Thus, we know that f'(x) = {

x :
7. Student A has an idea to find the definite integral [Z sin®6d®. First, from the fact sin® 8 + cos? 8 = 1, itimplies
T
foz(sinz 8 + cos? 8)d8 = -125 Next, from the fact cosf = sin (% - 9), by the Substitution Rule and the cancept of

z Ld x L
dummy variable, we have [Zcos?6df = [2sin’ (g - 9) dg = — f; sin®p dg = f2sin?6 df. Hence JZsin?8de = E.
2
Is this idea correct?
8. Consider one loop of the four-leaved rose curve r = cos28, -—E =6< %, in polar equation. The enclosed area formula of

this curve can be written as

Enclosed Area = J; 4y(é?)dx(éi) = J; 4cosztS‘sint9<:1(c05215|c053).
@

4

9, Consider an infinite sequence {a,}n=1, Where a,., = (—1)a, +% and a, = —1. Student A gives the following - -

argument: Let lim a, = L, then
n—oo

1
limap=(-Dlima,+lim—- =2L=-L+0=2L=0
N n-o n-n

i ?
Is this argument correct? ;EJ’FT' @
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10, Student A computed the indefinite integral [ 2sing cosfdé = 2 [ sinfdsin@ = sin%8 + C.
Student 8 computed the indefinite integral [ 2sinf cos8d8 = —2 [ cosfdcosf = —cos?8 + C.

Student C computed the indefinite integral [ 2sind cos8df = [ sin26d6 = —-%éosze +C.

All students computed the indefinite integral correctly.

PART ll: Answer each question. (20%; 4% each.)
d sin(x3-x)y
11— (x2esn -0 = (11).

Inx

12, Suppose that f(x) is continuouson (0,00) and F(x) = J1 “(x — f(t))dt, then F'(x) = (12). |

13. Reverse the order of the following integration (integrating first with respect to x and then y):

1 ~Vx 2 f2-x
f f fx,y)dydx +f f(x,y)dydx = (13).
0 /o 1 Jo —

. .. In(l+4e?®)
14. Find the limit ;ﬂ———m = (14).

15. Let f(x,y) = x%y + 2xy — 3 and P = (1,1). Find the direction {vector v with unit length) in which -f(x, y)
decreases most rapidly at P. v = (15).

PART lII: Solve the following problems. You need to write down complete arguments.

16. Consider the ellipse E: 13x? — 10xy + 13y2 = 72.

{3) (4%) Find an equation of the tangent line to the ellipse E at the point P (0,1;‘3426).

{b) (8%) Write a polar equation of the ellipse E. Find the area of the ellipse E by integrating this polar equation. You may
need to use the substitution ¢ = 20 and t = tan (%) where 8 is the polar angle.

(c) {8%) Find the area of the ellipse E by changing of variables in multiple integrals. You need to compute the Jacobian of
the transformation. ' '

(d) (10%) Find the area of the ellipse E by the Lagrange multiplier method. Here is the idea to realize the method: Notice
that the center of the ellipse E is 0(0,0). We can find the maximum distance and minimum distance from the point
P(x,y) ontheellipse E tothecenter 0(0,0). They will correspond to the length of the semi-major a and the
semi-minor axis b, respectively. The area of the ellipse is abr.

17. (3} (6%) Find the Maclaurin series for f(x) = sin?x. Hint: Half-angle formula sin’x = 1ocoszx

(b} (4%) Find £(196(0) and f@017(0).

18, (10%) Solve the initial-value problem: - ,
+Dy +x+1)%y=x*+1 y) =1

- HRNsSE




