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Advanced Calculus Written Exam

1. (18%) Let {an}32; be a sequence of real numbers such that %" a2 converges. Are

n=1

the following series convergent? Prove your answer or provide a counterexample.

(2) > sin(ar) b)Y

n=1

2. (18%) Let A be an open subset of R™. Prove or disprove, by giving a counterex-

ample, the following statements.
(a) int(A) = A.
(b) ANBc ANB for any B C R™

(Here “int” means interior, upper bar means closure.)

3 (12%) Suppose a, € R and lan]| < ;i:- for every positive integer n. Let

1

f(z) = Zan-fn, fe(z) = flz + 'E)

Show that fx converges uniformly to f on [—1,1] as k — oo.

4. (12%) Let f(z,y) =sin (E—_}Tlg) when z # y and let f(z, z) = 0 for any z. Is this
function Riemann integrable on (0,1] x {0,1]? Prove your answer.

5. (12%) Define f : R*\ {0} — R" by f (z) = 1y Calculate the derivative D f(z)
for f at z € R™\ {0}.

6. (14%) Show that thé solution set for the system

?+yP+2¢ =1
3 +y°+2° =0

s a smooth curve (i.e. a curve of class C*) in R®.

7. (14%) Evaluate the double integral

2 2
[[ s as
E

where E is the ellipse {(z,v) € R? : 22 + 2zy + 5y° < 1}.



