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1 (20%) Let a,b be two distinct real numbers. Let
3 2

a a a l
3¢ 2a 1 0
A=l 2 p 1l
32 26 1 0

Determine all possible values of rank(A).

2. (20%) Let
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(a) Determine if A is diagonalizable or not.

(b) Find matrices Q-and D such that D is either a diagonal matrix or a Jordan block
matrix, satisfving
D = 0% AQ.

3. (20%) Let V, W be two vector spaces OVer a field F, and let T: V — W be a linear
transformation of T. Suppose U is & subspace of W. Is T7YU) a subspace of V7 Justify
your answer. '

4. (20%) Let Ps(R) be the set, of all real polynomials of degrees at most 3. We define
<',')Z P3(R) X Pg(R) - R by

ety = f () dx

for all f(x),g(x) € Ps(R).

(a) What are the conditions. need to be satisfied for (-,-) to be an inner product on
P3(R)?

(b) Suppose that (-,-) is indeed a inner product on P3(R). Apply the Gram-Schmid
process to {1, x, x2, %%} to find an orthogonal basis for P3 (R).

5. (20%) Let V be a finite-dimensional vector space, and let T be a linear operator on V.
Suppose that rank(T) = rank(T?).
(a) Show that R(T) = R(T?) and N(T') = N(T?). (R(T) is the range of T and N(T) is
the null space of T'.) ‘
(b) Show that V = R(T) @ N(T).
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