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Part I : Linear algebra
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1. Consider the ordered bases € = 0 ; é :
0
2

1 1 1
= (U = ! Uy = & 1 1 and
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2 2 1 5
1 4 17
B 11 6 0 4 .
B=<Cw = 0 gl wa= O for R*, Let T be a
2 7
linear transformation on IRE4 with T'(v;) = wy, © l 23,4,
11 1 2
, 1 210 ;
(a) (4 points) Let A = 011 11’ find the inverse of A.
2 21 5

(b) (9 points) Find the matrix of T with respect to o, e, the matrix of
T with respect to «, 3 and the standard matrix of T.

3
(¢) (7 points) Find the coordinate of g with respect to o then find
4
3
2
4 3
4

(d) (10 points) Find ker(T), ker(T)* and rank(T). Give your reasoning.

2 2 -2
2. (10 points) Let A = 2 =1 -1 |. Find an orthonormal basis
-2 -1 =1

consisting of eigenvectors of A.

3. (10 points) Let A be an n xn real matrix. Prove that if X is an eigenvalue
of A with geometric multiplicity d, then X is also an eigenvalue of AT
with geometric multiplicity d, where AT is the transpose of A.
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Part II : Algebra

(12 points) Let G be the symunetric group Ss.

(a) Find the number of elements of order 5 in G.
(L) Find the mumber of Sylow 5-subgroups in G

(10 points) Let G be a group and let M. H be subgroups of G. Suppose
that NV is a normal subgroup of M. If A//N is abelian, prove that
(MO H)/(NMH) s abelian.

(10 points) Let Q be the field of rational numbers and Qx| be the ring of
polynomials over Q. Determine if the polynomial x® 44241 is irreducible

in Q.

. (18 points) Lot Z be the ring of integers, Prove or disprove the following
statements.

(a) 2 is an irreducible element in Z[/-7].
(b) 2 is a prime in Z[/—7].
(¢) Z[V=7] is a principal ideal domain.
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