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. (35%)

(a) Show that if |G| = 240 and H < G with H ~ As, then H « G.

(b) Show that if G is a p-group where pis a prime integer (i.e. |G| =p", n €
N) , then the center Z(G) of G is not a trivial subgroup and in particular,
if G is a non-abelian group of order p?, then |1Z(G)| = p.

(c) Classify groups of order 45. (Justify your answers.)

(30 %) (Justify your answers)

(a) Find all ¢ € Zg such that Zs|x)/(z* + cz + 1) is a field.
(b) Determine all ideals of the ring Z[z]/(5, 2% — 2% + z + 4),
(c) Prove or disprove the following statements,

(1) The polynomial ring R[z,y] in two variables is a Euclidean domain.
(2) The polynomial ring R(z] in one variable is a PID.

. (a) (17%)

(1) Let L: K be an extension and a € L be algebraic over K. Show that
if o is algebraic over K then K|a] = K(a).

(2) Show that 3 — 32 + 3 is irreducible in Q[z]. Suppose that « is a root
of 2 =32 + 3 in C. Find the minimal polynomial of f =1 — a + 2.

(b) (18%) Let L = Q(+v/2, V3, V5).

(1) Find a primitive generator for L over Q. Explain your answer in ¢

(2) Show that L/Q is a Galois extension,

(3) Determine Gal(L/Q), lattice of subgroups of this group and the cor-
responding intermediate fields between I, and Q.
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