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1. (10%) Use mathematical induction to prove that
(@ 5%) i+Di+2)= n(n+ 1)(": (n+3)
i=1
(b) (5%) L= F-1+Fust, where Ly is the kth Lucas number (Lo=2, Li=1, and Li=Li+Li, k22)
and Fy is the kth Fibonacci number (Fo=0, Fi=1, and Fi=Fi-1+Fi-2, k22).

2. (10%) Solve the following recurrence relation.
a;;=6a11~1-"9a.»r2, nz 2, a0:2, a[:3.

3. (10%) Solve the following recurrence relation by giving big-O notation bound.
T=2T(n2)tn,nz2, T (D=1,

4, (10%) Consider the following graph.
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(a) (5%) Determine if the graph has an Fuler Cireuit, If it does, write it down. If it doesn't,

explain why.
(b) (5%) Determine if the graph has a Hamiltonian Path. If it does, write it down. If it doesn't,

explain why.

5. (10%) For each of the following algebraic syétems, determine with proof whether or not it
is a semigroup. Suppose that 7 is the set of all integer numbers.

(a) (5%) A pair <Z, &> with a®b=a+b+1 for a, bel.

(b) (5%) A pair <Z, &> with a®b=a+b+ab for a, beL.



6. (10%) Determine whether or not the following binary relations are partial orders. Explain
your answer.

@) (5%) {(1, 1), (1,2), (1, 3), (2,2),(2,3),(3,3)) onthe set A= {1,2,3}.

(b) (5%) {(1, 1, (1,2), (1, 3), (2, 1), (2,2),(2,3),(3,3)} onthe set A= {1,2,3}.

7. (10%) Consider each of the following functions. Is it one-to-one? Is it onto? Explain your
answer. Suppose that Z* is the set {0, 1, 2,3, ..} and R is the set of all real numbers.

(@) (5%) f: TL*—T*, fx, y)= ¥+2y.

(b) (5%) g: RxR—R, g(x, ¥)= 7

8. (10%) How many integer solutions are there to each of the following equations?
(a) (5%) x1Hxatxstxs=20 and x120, %220, x320, x420.
(b) (5%) x1+xaxstxa=20 and x121, X222, X323, x4>4.

9. (10%) Suppose a connected planar graph G has vertices of degrees 3,7 3,4, 5, and 5.
(a) (5%) Find the number of edges of G.
(b) (5%) Find the number of faces (regions) of G.

10. (10%) Consider the poset <{2, 4, 5,10, 12, 20, 25}, >, where the relation | is such that x|y

if x divides y.
(a) (5%) Draw the Hasse diagram for this poset.
(b) (5%) How many maximal chains does the Hasse diagram of part () have? (A maximal

chain is one that is not a subset of another chain.)




