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There are 7 problems in this test. Note that you should write down detailed steps for the solution to
each problem; otherwise, no credits for that problem will be given.

1. Explain the following terminologies.
(a) [3%] Partial ordering relation
(b) [3%] Planar graph
(c) [4%] Left coset

2. Letd={a, b, c, d,e,f, g h}and R is the equivalence relation on 4. - i

(a) [6%] If R induces the partition 4 = {a} U {b, c} U {d, e} U{f, g, h}, what is R?

(b) [6%)] If R induces the partition 4 =4; U4, U... U4, where nis a positive integer, then |R| = ?
(c) [8%] How many relations on 4 are equivalence relations that satisfy b € [4]?

3. [10%] Construct a state diagram for a finite state machine with the input alphabet 7= {a, b} and

the output alphabet O = {0, 1} that recognizes all strings in {b, a}*{bb} U {a, b} *{aa}. Note that
the state diagram should contain 3 states only or get no credits.

4. Let fix) =x/(1—x) and g(x) = 1/(1-x?). |
(a) [5%] If fix) is the generating function of a sequence, what is the sequence?
(b) [5%] If g(x) is the exponential generating function of a sequence, what is the sequence?
(c) [5%] Use f{x) and g(x) to express the generating function for the number of integer solutions

for the equation, c;+2¢; = 100 with ¢; > 0 and ¢; > 1, such that the answer is the coefficient of

xlOO.

5. Solve the following recurrence relations:
(a') [5%] Q= 0p-1 T 2a11—2, n>2,ay=-3,a=0
(b) [6%] an + 2an—1 - 4an—2 - 8an—3 = O, nz 3, ap= O, a = —6, a= 8

(©) [6%] an = 5ap-1=2(7), n2 1,30 =10 .
(d) [8%] an + 2ay-1 + 20,2, =0,n>2, ay =1, a; = 1. Note that the solutions should contain real

numbers only or get no credits.

6. [10%] Let G = (¥, E) be a loop-free graph with [V]=n>2. Forallx,y € V and x#y,
deg(x)+deg(y) > n—1. Prove that G is connected.

7. [10%] Prove that an integral domain (7, +, -) is a field if it is finite.




