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‘[Describe S* as the span of a set of orthonormal vectors in R*®. (7%)
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Problem 1 (20%)

0?%u
Let u be ion to the heat tion: — = ——
e a solution to the heat equation 5% = 5t

with boundary conditions: (0, z) = f(z), 0 <z < 1, and Z—u(t 0) = gz (t,1)=0, 0< ¢t < oo,

1
(2) (10%) Define the thermal energy 7 (t) = / u(t, z)dz. Show that under the above assumptions, 7 (¢)
0

: 1
is constant in time; i.e., 7 (t) = 7(0) = / f(z)dz, for all ¢ > 0.
0

() (10%) Let f(z) = cos(rz). Find the solution .

Problem 2 (25%)

Let F = (y2 + azz + y2)i + (2% + bzy + z2)j + (22 + cyz + zy)k.

(2). (10%) Find the values of the constants a, b, c for which F is conservative.

(b). (15%) For the values found in (a), find a surface S with the following property: the path integral
/ F - dr is equal to 0 for any two points P, @ (connected by any curve C') on the surface S.
P

Problem 3 (13%)
TEYFBELF Q) ZETFHE; BRTFEFREE RGBS EFT(CREEREE T4 6%

%)
Let ¢ #0 and 4eR"™, and let A(4) denote the set of all eigenvalues of 4.

(@) Suppose I+aA is nonsingular, thus, for any nonzero scalar o, Q, = (/- a'lA)(I +ad)lis a
well-defined R™ matrix. Then we know from knowledge of eigensystem of a square matrix that,
corresponding to any A € A(4), thereis a u e A(Q2,). What is the mathematical relation between A and
n? (%) | T

(b) 'If Q,, that is (I - 4)(I+4)™, is an orthogonal matrix, then what mathematical relation between 4

and A" can be derived? (5%)
(c) If Q, is an idempotent matrix, then what are all possible values of det 47 (5%)

Problem 4 (12%)
AFFEEA @) (b)ﬁﬂlﬁ%ﬁé &ﬁ%%ﬁﬂ,\%ﬁﬂ&Fiﬁﬁ#?FT(?ﬁzﬁﬁtH* EFBek

%) .
(a) Write out the set

S:={ P=[‘3‘ ’ﬂeRM [ Byl eN(L =2 -1]) but [a B ¥ 2(R([L 0 —1]T))‘L},where N() and

R(+) indicate the null space and the range of a matrix, respectively. (5%)
(b) Consider the inner product space ¥ = (RM, (o,-}) , where (4,B) =1r(4"B) for 4 and B in R*?,
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Problem 5 (15%)

Let C be acircle |z|=2 described in the counterclockwise direction.
(2)(5%) Compute the following integral

kz
(I)C e—dz, n is a positive integer
Tz
(b)(10%) Suppose the answer you obtained in Part (a) is jnz . Use Part (a) to evaluate

er e sin (2k sin(n0)) do .

0

Problem 6 (15%)

Define the Fourier transform of a signal f(¢) as F(jw)= I N f(He™™dt, and its inverse Fourier
., Lo o o e : . . :
transform is f(¢) = E—I F(jw)e™ dw. It is alrecady known that the Fourier transform of signal

T Y-

x(i)=sin{ar)/ (7t) is

_ I, |wl<a
X(jw)=
0, |wl>a
and .9‘{!_/‘([)} =7 ;d—- F(jw). Compute the Fourier transform of the signal
)
() :t(sm(t)snz](t / 2))'
Tl




