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Problem 1 (25%)
Consider the differential equation: £(t) = az(z) + u(t), with initial condition z(0) = zq.

t .
(a) (10%) Show that the solution of the equation is z(t) = e*zg + / e=Ny(r)dr, t > 0.
0

(b) (10%) Suppose a < 0. Show that for any bounded v and any initial condition zg, the corresponding

solution z is bounded.
(c) (5%) Suppose a > 0 and u(t) = sin(¢). Find the initial condition z such that the corresponding

solution z is bounded. In this case, what is £?.

Problem 2 (20%)
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® (5%) Consider the set § :={ AeR**| A= 4" and (4)=k}.

() What are all possible values of & so that S is a subspace of V :={ AeR™*| 4= 4" }? 2%)

(b) Consider the inner product space (S,{s,*)) with {(4,B) :=#r(4"B) for 4 and B in S. Find an
orthogonal basis for S'. (3%)

® (15%) Let ¢ #0 and AeR™, and let A(4) denote the set of all eigenvalues of 4.
(c) Whatis the condition on A(A) so that [+ aA is nonsingular? (2%)
(d) Suppose I+aA is nonsingular, thus, for any nonzero scalar &, Q, = ([—a A)(I+ad)" is a

well-defined R™ matrix. Then we know from knowledge of eigensystem of a square matrix that,
corresponding to any A € A(4), thereis a u € A(Q2,). What is the mathematical relation between A and

u#? (3%)
(e) If Q,, thatis (/- A)(I+A4)™, is an orthogonal matrix, then what mathematical relation between 4

and A" can be derived? (5%)
(f) If Q, is an idempotent matrix, then what are all possible values of det 4? (5%)

Problem 3 (25%) .
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(a) Describe the set of all R*® vectors [ B y] that satisfy the two conditions
[@ B y[eN(l =2 -1]) and [e B y]Tss'(R([l 0 -17 ))l, where N(+) and R(s) indicate the null

space and the range of a matrix, respectively. (5%)
(b) Now denote the set

S = {P=[(g '5 ]ERZXZ [ By e N[l =2 ~1)) but [ B 7]T55(R([1 0 —I]T))L} in terms of solution
of (a). Write out the set S and discuss if the closure property of vector addition holds for set S, i.e. |
whether the implication “B, P, S = B +P, €S” holds forany £, and B,. (1+5%)

(c) Consider the inner product space ¥ = (Rm, (-,-)) , where (4,B) = tr(A"B) for A and B in R*?.
Describe S* as the span of a set of orthonormal vectors in R*?. (7%)

(d) Now let T = Span (1) 8], [:_?1 (IJ, [8 (1) be a subspace of V' and let P be any vector of S'. What

is the distance of P to T'? (7%)
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Problem 4 (15%)

Let C be acircle |z]=2 described in the counterclockwise direction.
(2)(5%) Compute the following integral
k2"

e . e
(JS( dz, nisapositive integer

(b)(10%) Suppose the answer you obtained in Part (a) is jnz . Use Part (a) to evaluate

.[2” "9 sin (2k sin(n0)) do .

0

Problem 5 (15%)

Define the Fourier transform of a signal f(¢) as F(jw) = Jm f()e ™ dr, and its inverse Fourier

transformis f(1) = —21— " F(jo)e’ do. 1t is already known that the Fourier transform of signal
Tc -0

x(t) =sin(at)/ (7t) is
I, |wl<a

X(jo) ={

0, |wl>a
. .d oL \ . . . .
and ‘?{t/ (t)} =7 o IF(jw) . Compute the Fourier transform of the signal
1

sin(f)sin(r / 2))
——

x(1) =t£ -




