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1. (10%) Given [ {\/——i—;}-—./o(t) and [ {m~l}- J,(t)

Solve the nonlinear integral equation

x(t)~—:lz—j;x(t—r)‘c(r)dr = —;—sin(z‘)

by Laplace transformation. ~ Express your answer in terms of J, (7) and 5(2).

2. (10%) A boundary value problem having the form

g;lip(x)%]+]:q(x)+/lr(x)}y=0 for a<x<p;

ay(a)+ea,y' (a)=0 and By (b)+ By (b)=0.

Show that the eigenfunctions y1 and y» belonging to two different eigenvalues 41 and A2 are orthogonal with
respectto r(x) in (a,b).

3. (15%) In caleulus, the curvature of a curve y= f (x) is defined as

#

32

k=X
LH—(y')2

]

Find y=f (x) for which «=1. For simplicity, ignore constants of integration.

4. (35%) Consider an elastic string whose displacement function satisfies
2 2
_@_2}_’:622_}2’_ for 1>0.
ot Ox
(a) If the string is infinitely long and the initial conditions are

y(x,0)=0 and %(X’O) =5(x),

determine the Fourier transform of the displacement function and the maximum displacement value.
{b) If the string has length L with conditions:

y(0,£)=0 and y(L.t)=0;

y(x’ 0) =sin (—Z%X—J and g;’?(X,O) =sin (é_z?ﬁj ,

solve for the displacement function.
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5. (15%)Let ¢(x,y)=x+In(x2+y?) and v(x,y)=(x2cosy)i+(yZsinx)j be 2-D scalar and vector
functions, respectively; and let u(x,y) = Vg + V xv. Write down the answers to the following questions.

(Derivations are not required.)

(a) Evaluate the surface integral -U' V-udA over an annulus region between two concentric circles as
A

shown below.

(b) Evaluate the line integral § n-udf over aclosed curve C as shown below. (with n denoting a unit
C

vector normal to the curve C)
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(c¢) Evaluate the line integral § u-dr along a circle C of radius 1 centered at the origin. (wheredrisa
C

displacement vector along the curve C)

6. (15%) Let z=x+iy denote the complex variable, Z be the complex conjugate of z,and f(z) a

complex function. Answer the following questions. (Derivations are not required.)

(a) If the real part of an analytic function f(z) is xe” cosy— ye* sin y, what is the imaginary part of

f(2)?
(b) Let f(z) be analytic on and inside the unit circle |z|=1. If on the circle |z =1,
fley= :;’ﬂ—z—o%mf, what is the expression of the function f(z)?

(c¢) Evaluate the complex integral § z2sinzdz over the closed contour C defined by |z]=1.
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