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1. Let V  be a vector space over the scalar field F , and let { }Wλ λ∈Λ  be any collection of 

subspaces ofV . Prove that W Wλλ∈Λ
=∩ is a subspace of V .�15 � �  

2. Let V  be a vector space over the scalar field F , and let S  be a subset ofV .The 

subspace spanned by S  is defined to be the intersection of all subspaces of V  which 
contain S . In this case, we also write span( S ) to denote the subspace spanned by S .Prove 
that the subspace span( S ) consists of all linear combinations of vectors in S .�15 � �  

3. Let W  be a subspace consisting of all n n×  symmetric matrices over the scalar field F .
�10 � �  

(i) Find the basis for W . 
(ii) Find the dimension of W . 

4. Let V  be a vector space over the scalar field F , and let U  and W  be two subspaces of 

V . We say thatV is a direct sum of U  and W  if and only if, for every element x V∈  , 
there exist unique elements  u U∈ and w W∈  such that x u w= + . In this case, we write 

.V U W= ⊕ Now, we assume thatV is a finite-dimensional vector space over the scalar 
field F , and let U  and W  be two subspaces of V . Suppose that .V U W= ⊕  
Prove dim( ) dim( ) dim( ).V U W= + �10 � �  

5. Let { ∈= ),,( zyxS 3 }zyx 35: =− . 

  (a) Show that S is a vector space.�4 � �   

  (b) Find a basis for S.�4 � �   

6. Let V and W be vector spaces over a field F with zero vectors Vθ  and Wθ , respectively. 

If ∞<)dim(V and WVT →: is a linear transformation, show that 

).()()dim( TrankTnullityV += �15 � �  
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7. Let :f 3→  be a quadratic form defined by 

.420162511),,( 222 zxyzxyzyxzyxf +−+++=  

Find the maximum and minimum values of f subject to the constraint ,1222 =++ zyx  and 

determine the values of x, y and z at which the maximum and minimum occur.�15 � �  

8. Let W be a subspace of n . For any vector ∈v n , show that the projection vojPr W  of v 

on W is the unique vector in W that is closest to v.�12 � � �

 


