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Linear Algebra

Notations:

1. All vector spaces and matrices are over the real field R.

2. For a linear transformation T : V- — W, ker(T') = {v € V | T(v) = 0}
and image(T) = {T'(v) e W |v € V'}. .

3. Myuxn is the vector space of all m x n matrices. I, € M,,xm is the
m X m identity matrix. For a given matrix A € M,,xpn, A7 € M,, 1, is

the transpose of A.
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Let T': Myyo — Moxs be a map given by

1. Let A= [ J € Myx2 and consider the standard basis of My,

TX)=A-X-X"T.A.

(a) (10 %) Show that T is a linear transformation and give the matrix
for T' with respect to the standard basis.

(b) (10 %) Determine ker(T') and image(T).

-1 —4 4
2. Let A= 0 10
-2 —4 5

(a) (8 %) Show that A is diagonalizable.
(b) (12 %) Find an invertible matrix U such that A = UATU!,

3. (10 %) Given A € M, ., with m # n, prove that the set

{BeMum | AB=1,}

1s either empty or an infinite set.
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4. Let G be a group and consider the map ¢ : G — G defined by (a) = a2
for all @ € G. Prove that ¢ is a homomorphism if and only if G is

abelian. (6%)
5. Let G be a group of order 54. Prove or disprove each of the following

statements. '
(1) G has a subgroup of order 10. (5%)
(2) G has a subgroup of order 9. (5%)
(3) G has an element of order 9. (5%)
(4) G is not simple. (5%)
6. Let R be the ring of all real value functions on the interval [0, 3] and
let IT={f e R|f(2) =0}
(1) Prove that I is an ideal of R. (6%)
(2) Prove that I is a maximal ideal of R. (6%)

7. Let I be the principal ideal generated by z* + z? + 1 in Q[z] , i.e.,
I=(z*+2*+1). Is Q[z]/I a field? Explain your answer. (6%)

8. Write 470 as a product of irreducible elements in Z[i]. You don’t need
to explain your answer. (6%)
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