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1. (30%%) Consider the following linear programming problem!

Maximize £ = -2xj + Jxg + 4y

st 2x +n +txnzd

X *xp + xp=s
X + zpsd
. X520

(a) (5%) Write down the dual of this primal problem.

(b} (5%) It is given that the primal optimal solution is (x), . %) = (0, 2, 3% What s the
corresponding optimal basis when you apply the simplex method?

() (5%) Calculate the dual optimal solution.

id) (5%) For the primal problem, what is the range of the thind right-hand-side value b;
{currently 3) such that the currend optimal basis (or dual optimal solution) remains
urchanged?

(¥} (5%b) For the primal problem, what s the range of profit o; forx; (eurrently ; = 3)
such that the currenl aptimal solution (xy, 2, ) = (0, 2, 3) remains unchanged?

() (5% Suppose that a new variable x; with coefTicient veclor (£4, B4, @2, ma) = (5,2,
|, 3} is introduced |nto the linear programming model. Will the optimal solution
change? Why?

2. (20%) Consider the following profit maximization transportation problem. The number
inside the rectangle represents the profit camed by shipping one unit via its corresponding
path. For example, the profit of shipping one unit from supply node | to demand node B is 12
dollars.

{a) (5%) Use maximum profit rule 1o find a basic feasible solution (BFS). Note that at
each step. this rule selects a cell where profit is the highest among the candidates.

{b) (5% Find an aptimal BFS using the BFS found in (a).

(¢} (5%) What is the range of profit Pys (currently 10) such that the current optimal
solution remains unchanged?

(d} (5%) What will be the new optimal BFS if node | incresses its supply from 20 1o 23,
and pode A increases ils demand from 30 1o 337
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3, (25%) Consider a single-server quensing system where customers arrive according to a
Poisson process with rate 4 = 2 per hour. The system has unlimited quene length. Customers
can be classified into two types: type | customers require an exponential service time with rate

005




TEAR 101 BEEHEr BT BERES

IRIHEEEE
OPFI8 - my 0 T4 #lE: fEREFHR i 6% Ay H
RRELHE 'l R

@ F T M TFit B

=4 per hour, and type |l customers require an exponential service time with rate u= 2 per

hour, The probability thar an arriving customer is type Lis p, and type 1145 1 —p.

Suppose that p= |0 i.e, the svstem will only contain type | customers, Answer questions (a)

and (k)

(a) (%) What is the steady-state probability that the system has two customers?

(B} (5%} In the long ram, what is the average number of customers in the system?
Now suppase that p = 0.5, This problem can then be viewed as an M/G/1/o model, where
the service time is 4 hyper-exponential distribution. The expected number of customers in
the queas when the system reaches steady-state 15 [, = (Al + FW2(1-0), where o is the
yariance of the service time and o= 4w Answer questions (c) to (g),

() {5%) Compute the mean and the standard deviation for the hyper-exponential distribution,

(d} (6%) What are Ly, and BT (W is the expected waiting time of a customer in the system)

() (4%) What is the expected number of type [l customers in the system?

4. (25%) Consider an inventory problem for a camera store. This store stocks a particular rype
of caméra that can be ordered weekly, Let X, represent the number of cameras on hand at the
end of week k {1.e. mventory level of week k). The store owner, Johnson, adopts the following
ordering policy: 1 X, <= |, order two cameras; otherwise, do nol order any cameras. [t is
assumed that every order is placed at weekend and delivered on the following Monday
morning before the store opens. Suppose that the weekly demand for the camera, {Dy: k =
L.}, are adentical and independent random variables with the following probability
digtribution: PriDy = 0§ =02, Pr(Dy =1} =03, Pr(Dy=2) =03, PriDy=3) =01, Prilx =

41 =1, |, Answer the following questions.

(a) (5% Explain why the stochastic process {X,, k=0, 1, ...} is a Markoy chain, and
construct the ong-step transition probability matmix.

(b} (3%) Compute the probability, PriX.= 1 | X; =13}

() (5% Explain why the steadv-state probahilities exist for this Markoy chain, and Tist o set
of equations for computing the steadv-state probabilities {m}. (Do not salve)

() £3%) What i5 the average time length between two consecutive camera orders? ( You can
use the notation in (e 1o answer this guestion ),

(&) (3%) List a set of equations that can compute the expected first passage time from state |
to state 0. (Do not solve)
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