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1. (15 pts.) State three arioms of probability in detail and prove the following
equation by the axioms of probability.

P(E\UF)= P(E)+ P(F)— P(E[F)

where I/ and F are two events defined on a sample space S.

2. (10 pts.) Suppose that three coins, NT$5, NT$10, and NT§50 are placed
into three identical envelopes. Three envelopes are then randomly given the
designations A, B and C'. The coins in the envelopes A and B are compared,
If the smaller value of these two coins is then compared with the coin in the
envelope (', what is the probability that it is also smaller than the coin in the
envelape C'7

3. (545+8+7 pts.) The joint probability density function of X and Y is given
by

kiz? +zy), 0<zr<l,0<y<?2
0, otherwise.

f{fr,y]={

{a) Find k.

(b) Find P(X >Y).

(¢) Find the density function of the random variable Z = X - Y.
(d) Verify that X and ¥ are dependent.

4. (15 pts.) State the Central Limit Theorem, CLT in detail and explain the
theorem by an example. Why is the CLT important in industry?
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5. (10410454545 pts.) Let p denote the defective rate of some production
line (the population parameter of interest). Suppose we randomly inspected 20
items produced by the production line and found 2 defectives {the observed
sample).

(a) Explain how to construct a confidence interval (L, U) of p based on the
observed sample such that F(p € (L, U]I) = 95%. (Note: The CLT is not
applicable here.)

(b) Explain how to construct the rejection region based on the observed sam-
ple, if we would like to test Hy : p = 5% against Hy : p > 5%? Test at a
level,

(¢) In question (b), find the p-value. (Express only, final calculation is unnec-
essary.)

(d) Explain the meaning of p-value. [Note: Answer is NOT the definition of
the p-value.)

(€) Why the test decision can be determined by p-value?
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