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1. (15 points) Let A = _21 ; _?9 i) (1)
1 4 -3 5 0

- (a) Find a basis for the row space of A.
(b) Find a basis for the null space of A.

(b) Let T : R® — R* be given by T(X) = AX for column vectors X € RS.
Find a basis for the image of 7.
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2. (15 points) Let P, be the space of polynomials of degree < 2 over R. Let T :
P, — P, be given by (Tf)(z) = zf'(z) — f(z + 1).

(a) Find the matrix representation of T' with respect to the basis {1, z, z*}.

(b) Find the eigenvalues and eigenvectors of 7' and determine whether 7' is diag-
onalizable.

3. (10 points) Let V = {(z, y, 2, w) |z —~2y+42z+3w =0, 20 —y — 2z = 0} C R%.
(a) Find an orthogonal basis for V.

(b) Let X = (1, —2, 1, 6) be a vector in R*. Find the orthogonal projection of
X on W.

4. (10 points) Let T be a linear operator on a finite dimensional vector space V.
Suppose T is idempotent, that is T2 = T. Prove that

(a) V = ker(T) & range(T).
(b) T is diagonalizable.

5. (10 points)

(a) Let G = (a) be a cyclic group of order 30. Find the order and the index of
the subgroup (a®)

(b) Let G be a group which has subgroups of order 12 and 40. What is the
minimum possible order of G7

6. (10 points) Let G = GL,(R) be the group of nonsingular n x n real matrices
and H = SL,(R) be the subgroup of G consisting of n x n real matrices of
determinant 1. Show that G/H is isomorphic to R* = R\ {0}.

7. (15 points) Let f(z) = 2t — 22 + 1.

(a) Show that f(z) is irreducible over Q.
(b) Construct a field which contains a root of f(zx).
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8. (15 points) Let p be a prime integer and let T = {% | a,b € Z, (a, b) =1,ptb}
andI:{%ETIpla}.
(a) Prove that I is an ideal of T'.
(b) Show that T/I ~ Z,.




