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1. (40 Points) Prove each of the following statements.
(a) If {vi,va,...,v,} is a basis for a vector space V, then
{vi +vo, v +v3,..., V-1 + Up, v, } i8 also a basis for V.
(b) Suppose that S; and S be subspaces for a vector space V such that S; C S,.
Then span(S;) C span(Sy).
(c) Let T be an invertible linear operator on a finite-dimensional vector space V. Then
) is an eigenvalue of T if and only if A™! is an eigenvalue of 77!

(d) Let T be a linear operator on an inner product space V' with the adjoint T*. If W
is a T-invariant subspace of V, then W+, the orthogonal complement of W, is
T*-invariant.

(e) Let T' be a linear operator on a complex inner product space V. If T is self-adjoint,
then the inner product (T'(x),z) is real for all x in V.

2. (20 Points) Let T : R* — IR? be defined by
T(zy, T2, 23,24) = (x1 + 202 + T3 + T4, T2 — T3 + X4).

(a) Let W be the null space of T'. Find a basis for W.
(b) Find a basis for the orthogonal complement of W.
(c) Is T onto? Why?

(d) If U is any linear transformation defined on R* such that UT is onto, show that
U is onto.

3. (16 Points) Let V be an inner product space. Denote (-,-) the inner product on V
and define ||z]] = (z,z)"/? for z € V. If S = {v;,vs, -, v, } is an orthonormal subset
of V, show that for each x € V the following Bessel’s inequality holds :
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4. (24 Points) Let H be the vector space of continuous complex-valued functions defined
on the interval [0, 27] endowed with the inner product
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(f.g) = 51; i F(t)g(t) dt, f.g€ H.

(a) Let f,(t) = ™, where 0 < ¢ < 27 and n is an integer. Show that S = {f, : n € Z}
is an orthonormal subset of H.
(b) Apply f(t) =t in H for x € V in the Bessel’s inequality and show that
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