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. (15%) Use the pigeonhole principle to show that in a sequence of 10 distinct integers, there is either an increasing
subsequence of length 4 or a decreasing subsequence of length 4.

. (15%) Let R be the relation on the set of integers such that aRb if and only if 6 divides (a—b).
(a) Show that the relation R is an equivalence relation.
(b) What are the equivalence classes?

. (10%) There are two boxes, one red and one blue, and in the red box we have 2 apples and 6 oranges, and in the blue box
we have 3 apples and 1 orange. Let us suppose that we pick the red box 40% of the time and we pick the blue box 60% of
the time, and that when we remove an item of fruit from a box we are equally likely to select any of the pieces of fruit in
the box. Given that we have chosen an orange, what is the probability that the box we chose was the blue one?

. (10%) Draw all the spanning trees of the following graph.
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. (5%) Suppose A=| 0 1 0. The dimension of the eigenspace corresponding to the eigenvalues A=1is
0 01

-2 -6
. (5%) Suppose A:{1 3].']'hen, (e')" is

. (10%) Compute the following sum of determinants.
20 0 1 2 1 21

01 0 0 gl 30 & 1
1 6 2 0 (|-112 =21
I 1 =233 231
1 4 3
. (10%) Given A=|-1 -2 0|. There are elementary matrices E,, E,, E, suchthat E,E,EA=U, where U isan upper
2 23

triangular matrix. Compute L = E{'E7'E3?.

. (10%) Let L be the linear transformation on R’ defined by L(¥) = (2xy — X, — X3, 2X3 — X3 — X3,2%3 — X3 — Xp)"
and let A be the standard matrix representation of L. If u; =[1,1,0]", & =[1,0,1]", uz =[0,1,1]", then
[i;, %5, 1;] is an ordered basis for R and U = (43,1, 13) is the transition matrix corresponding to a change of basis
from [u;,U;, %3] to the standard basis [;, €y, €3], Determine the matrix B representing L with respect to the basis

[ity, 4z, %3] by calculating U™*AU .

10. (10%) Find the equation of the circle that gives the best squares circle fit to the n sample pairs of coordinates

(xl’yl)’(xzsyz)f"a{xn!yu) .
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