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1. (10%) Use mathematical induction to prove that
n 2 2
@ %) R

i=1

H _
(b) (5%) Z Jai-1 = fan , where f; is the ith Fibonacci number (=0, fi=1, and fi=f_1+f.2, i > 1).

i=]

2. (10%) Suppose that X and Y are events such that p(X)=0.5 and p(XUY)=0.7. Find p(¥) in
each of the following cases:

(a) (2%) X and Y are disjoint.

(b) (4%) X and Y are independent.

() (4%) p(¥1X)=0.3.

3. (10%) Let <, be a relation on ZxZ such that (a,b) < (¢,d) if and only if a < c and b < d,
where g, b, ¢, d €Z and 7Z is the set of integer numbers.
(a) (3%) Prove that <, is a partial order.
(b) (3%) Draw the Hasse diagram of the relation <, for Z ={1, 2, 3}.
{c) (4%) How many maximal chains does the Hass diagram of part (b) have? (A maximal
chain is one that is not a subset of another chain.)

4. (10%) Use Huffman coding to encode the following symbols with the probabilities of
occurrence }isted:_ a: 045, b5:0.13, 0:0.12, d:0.16, :0.09, £0.05.

(@) (5%) Draw thé corresponding. Huffman tree. -

(b) (2%) List the code for each symbol.

(c) (3%) What is the average number of bits used to encode a symbol?



5. (10%) Solve the following recurrence relations.
(a) (5%) a,=6a,-1—-8an-2, n 2 2, ag=4, a;=14.

(0) (5%) G=% Gri=5 n2y 1 22, 201, =1,

L

6. (10%) For a given alphabet £={0,1}, let L be the language consisting of all strings which
have an even number of 1’s.
(a) (5%) Draw a state diagram for a deterministic finite automata that recognizes the

language L.
(b) (5%) Give a regular expression that specifies the language L.

7. (10%) Give a tight upper bound for each following function using Big-O notation.
() (2%) fin)=5000nlogn + n*
(b) (%) An)=10""+10!
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8. (10%) For each of the following determine whether ® is an associative operation. Explain
your answer. Suppose that R is the set of real numbers.

(a) (2%) Define ® on R by letting a®b=ab+1.

(b) (2%) Define ® on R by letting a®b=a+b-1.

(¢} (2%) Define ® on R by letting a®b=a".

(d) (2%) Define ® on R by letting a®br~% .
(€) (2%) Define ® on R? by letting (a,b)®(c,dy=(ac, betd).
9. (10%) For each of the following, determine with proof whether or not it is a group.

(@ (5%) The set {1, -1, v=1, —v~1} under multiplication.
(b) (5%) The set {3n | neZ } under addition, where Z is the set of integer numbers.
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10. (2%) Which one of the following propositions is a tautology?
D) GNP~ Q) @V (pv-g) (Y prgviprg) B @Np——g)—p

11.(2%) Which one of the following propositions logically implies all the others? |
Dpvg @p—g G grp—-m9) (D (pAg—pVe)

12. (6%) Determine whether each of the following statements is true or false. If false, explain
why or provide a counterexample. If true, explain why. Suppose that the universe of
discourse of each variable is the set of integer numbers.

(@) (2%) IxVy(r'=y)

(b) (2%) 3xVy(r=y")

(©) (2%) IxIYVz(z=2x+2y)



