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1. Given a homogeneous equation 

y" + p(x)y' +q(x)y = 0. 

Support that we know a solution y1 , which is not identically zero. Find another solution y2 by using the 

method of order reduction, such that {yt> y J forms a solution basis (10 % ). 

2. The Fourier series of a function f(x) with period 2L is given by 

where 
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f(x) = a0 + ,L(an cosnx+bn sinnx), 
n=l 
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a0 =-J f(x)dx, 
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an = L J f(x)cosLdx, n = 1, 2, · · · 
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Expand the function f(x) = x 2
, 0 < x < L in (a) a cosine series, and (b) a Fourier series (containing 

cosine and sine terms) (20% ). 

3. Find the inverse of matrices if possible (10% ). 

[ 
2 2 OJ 

(a) A= -2 1 1 

3 0 1 

[
1 -1 -2] 

(b) B = 2 4 5 

6 0 -3 

4. Let A be a n x n symmetric matrix. Prove that the eigenvectors of A corresponding to different 

eigenvalues are orthogonal (10% ). 
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5. Given a symmetric matrix A, find an orthogonal matrix S such that s-1AS is diagonal (15%). 

A~r~ ~ ~J 
6. (a) Drive that x =(AT At ATb is the optimal solution of the least-square system Ax= b 

(b) Find a least-square solution of Ax=b for (15%) 

1 -6 -1 

1 -2 2 
A= b= 

1 1 ' 1 

1 7 6 

7. Let A be a m x n matrix with rank r. The singular value decomposition (SVD) decomposes matrix A into 

U:EI: T , where U is an m x m orthogonal matrix, V is an n x n orthogonal matrix, and I: contains r 

singular values of A in the diagonal entries. Find a singular value decomposition of matrix A (20% ). 

r 
1 -1] 

A= -2 2 

2 -2 


