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1. (30%) Show that the sample mean and sample variance

X= iX,., S2:—1—i(x,.—f)2
i=1 n-113

3 -

are unbiased estimate of 1 and o’ respectively, where X; are random variables that

have identical normal distribution with mean x and variance o2,
2. (35%)
(a) Prove the Markov's inequality:

If X is a non-negative random variable, then for any value a > 0,

P[XZa]sg—Ei] .

(b) Derive the Chebyshev s inequality from Markov’s inequality:

P[[X—u|ska]21—£-2-. (k2 1)

(c) A random variable X has a mean x# =6 and a variance o’ =9. Estimate the-

probability P(X > 12orX < 0).

3. (35%)
(a) If x is the mean of a random sample of size n from a population with known

variance o> , find a (1-@)% confidence interval for the population mean 4 in

terms of x, o, », and standard normal z,,, .

(b) A random sample of 100 car owners in a city shows that a car is driven on the
average 23,500 km per year with a standard deviation of 3,900 km. Construct a
99% confidence interval for the average number of kilometers a car is driven

annllally ln the Clty (Given 20.005 = 2575, ZO‘OI = 2329, 2005 = 1645.)

(c) How large a sample is required if we want to be 99% confident that our estimate
of the average number of kilometers driven by car owners in the city is off by
less than 300 km?




