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1. (a) (6%) Prove that for integer n20, ‘ + " + " oot 7 =2",
0 1 \2 n

(b) (6%) Use a combinatorial argument to prove that for all integers » and &k with

-1 ~1)
1€k <n-1,wehave e + " .
k k | k-1)

(c) (6%) Prove that for positive integers » and k,

n+1 0 1 n-1 n
= +| |+t + .
k+1 k] \k k k
(d) (7%) Let n be a positive integer and suppose # is even. Prove that the sequence

HEHG-) s ()<l (a5

2. (a) (5%) Prove that if n+1 objects are putinto » boxes, then at least one box contains 22

objects.
() (5%) Let ¢,,9,,..-,q, be positive integers. Prove thatif ¢, +¢,+:--+¢g,—n+1 objects
are putinto # boxes, then €ither the 1¥ box contains at least ¢, objects or the 2" box

contains at least g, objects, ..., or the n-th box contains at least g, objects.

(c) (10%) Let m and n be relatively prime positive integers, and let @ and b be integers
where 0<a<m-1 and 0<bh<n-1. Prove that there exists a positive integer k
such that the remainder when k is divided by m is a, and the remainder when k£ is
dividedby n is b.

3. (a) (8%) We call a combination containing » objects an n-combination. Determine the
number of 10-combinations of {5-a,4-5,3-c,4-d}, i.e, of
{a,a,a,a,a,b,b,b,b,c,c,c,d,d,d.d}.
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(b) (8%) How many permutations of the 9 letters W, H, 0,1, S, M, A, R, Y are there such
that none of the words WHO, 1S, MARY occurs as consecutive letters? For example,

WHIOMASRY is counted but WHIOMARYS is not counted.
(c) (10%) A derangement of {1,2,...,n} is a permutation ii,--i

n

of {1,2,...,n} such that
i, #Li,#2,---,i #n. Let D, denotesthe number of derangements of {1,2,...,n}.
1 1 1

Give the values of D, and D, and prove that D"=n!(1—i~;+5—§—'+---+(—l)”ll).
to2r 3t n!

4, 'We consider simple and undirected graphs.

(a) (8%) Prove that a graph of order # with at least (n )+1 edges is always connected.

(b) (7%) Let d,,d,,...,d, be the degree sequence of a tree of order n2>2
(note: d, <d, <---<d,). Provethat d,=d,=1.

(c) (7%) A graph G of order n is said to satisfy the Ore property if for all pairs of distinct
vertices x and y that are not adjacent, d(x)+d(y)=n, where d(v) denotes the
degree of vertex v. It has been proved that
(*) Agraph G oforder n>3 that satisfies the Ore property has a Hamiltonian cycle.
Use (*) to prove that a graph of order »>3, in which each vertex has degree at least
n/2 , has a Hamiltonian cycle.

(d) (7%) Each of the following two graphs G and G' has 6 vertices and 9 edges.

Prove or disprove that they are 'isomorphic.
G G'




