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1. Decide which of the following statements are true and which are false. Prove the true
ones and provide counterexamples for the false ones.

(2) (6 points} Let F} be a sequence of bounded nonempty sets in R™ such that F,, C
Fyforallk=1,2,.... Then [| Fi #0.

(b) (6 points) Let f: (a,b) — R be one-to-one. If f’(z) > 0 for all z & (a, b), then f~1
is differentiable in f((a,b)).

(¢) (6 points) Let ar € R and suppose that hm sup lax|* < 1, then Zak converges
k=1
absolutely.
(d) (6 points) Suppose that f : R® — R" is continuously differentiable, and that there
is a K > 0 such that
1f(z) = fF@WIl = Kliz — gl

for all 2,y € R™. Then det(Df(z)) # 0 for all z € R™.
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. (a) (8 points} Show that if f is continuous on [a, b], then f is integrable on [a, b].
(b) (8 points} Suppose that f is integrable on [0,1]. Show that
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- (12 points) Find lim i ————. Justify your computation.
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~ ify#0,
. Suppose that f : R? — R is defined by f(z,y) = {Iyl;;zz-i-y’
0 ify=0.

(a) (14 points) Compute the directional derivatives of f at (0,0), where they exist.
Justify your computation.

(b) (12 pomts) Is f differentiable at (0,0)? Justify your answer.

5. (10 points) Let f, be integrable on [0,1] and f, — f uniformly on [0,1]. Show that if
{ba}32, is increasing and converges to 1, then

lim fn da:—/f

n—+0o0

=]

. (12 points) Find the positive oriented simple closed smooth curve C on the plane R? for

which the line integral f (v — y) dz — 22° dy is a maximum. Justify your assertion.
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