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1. [20 points] An n X n matrix A is Hermitian if A = A*, where A* is the conjugate transpose of A. It
is normal if A*A = AA* and unitary if AA* = I,, where I, is the identity matrix. It is nilpotent it
Ak =0, for some &k > 1.

Using the above definitions, give a prove for the following statements if they are true or give a
counterexample if they are wrong.

2. [15 points] Given any two vectors X = (1,3, ,Zn)' and ¥ = (Y1,%2: " »Yn) " in C let <+, >
be the standard inner product on €™ such that

<Xy >=Tipn + T+ 0+ Tl
{a) I A is Hermitian and A is an eigenvalue of A with eigenspace
By = {x e CMAx = Xx},

define -
Ef ={y € C' <x,y>=0,Vx € E)}.
Prove that Ej- is an invariant subspace of 4, that is, Ay € Ey- for all y € Ey.
(b) Prove that if A is Hermitian, then A is diagonalizable.
{c) Prove that if A is Hermitian and A — il, is invertible, then

B=(A—ilY YA +il,)

is unitary. Here ¢ = /—1.

3. [15 points] Let A be a 3 x 2 matrix and B be a 2 x 3 matrix such that

1 1
AB= | 2
3

{a) Find the rank of A and the rank of B.
(b) Prove that there exists a 2 X 3 matrix C such that CA = [ 8 ? } .
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4. [20 points] Let P, be the set of all polynomials with real coeficients of degree less than or equal to
two. Define a transformation T': P, — P, as T(f(x)) = o f'{z).

(a) Is T a linear transformation?

(b) Find the matrix of 7 with respect to the standard basis 1, z, z2 of P.
(c) Find the dimension of the kernel of T'.
)

(d) Find all the eigenfunctions of transformation T, i.e., the function f(z) such that T{f(z}) =
Af(z) for some scalar A.

5. [15 points] For each n x n complex matrix A = {a;;), define the notation tr(A) = an1 +az+. .. +ann.
Let S be set. denoted by

S ={A e CV™A™ = I,, for some positive integer m}.

{a) Prove that |tr(A}| < n for any A€ S.
(b) Find the subset {A € S|itrA| =n}.

}

{a) Find the minimal polynomial of A.
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6. [15 points] Let A = ':

vl l— O
p2l= O o

(b) Find A™, where n is a positive integer.
 (¢) Evaluate lim tr(A™).
n—roe



