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1. (677) Let A € Mnxn(R) be a given n xn matrix (with coefficients in R). Prove or disprove
that there exist invertible matrices P, @ € M,,»,(R) such that PAQ is a diagonal matrix.

2. Let V and W be finite dimensional vector spaces over R.

(1) (647) Let T : V — W be a linear transformation. Show that if dim V < dim W then
T’ can not be onto; if dim V > dim W then T can not be one to one.

(2) (10 43) Recall that V and W are called isomorphic if there exists a one-to-one and
onto linear transformation from V to W. Show that V and W are isomorphic if and
only if dim V' = dim W,

where dim V' denotes the dimension of the vector space V over R.

3. (8 47) Let by,...,b; € R and consider the following system of linear equations:

2Ty + 4z + 2x4 + 225 = by

4z +4zy + 423 + 824 = by
8Ty + 2ry  + 1024 + 225 = by
61 + 3z + 223 + x4 + 25 = by

Let V' be the subset of tuple (by, ba, b3, b;) € R* such that the above equation is solvable,
Show that V' is a subspace of R* and compute its dimension.

4. (10 73) Let W be the subspace of R® defined by the following homogenous equations:

2$1ﬁ2$2—3§3+6$4—2$5=0
1 —Te+ T3+ 204 — 25 =0
3563—2234 =0

The orthogonal projection of v € R®> on W is the vector u € W such that v — u € W4
(the orthogonal complement of W). Show that u depends uniquely on v. Denote the
vector u by Projy,(v). Compute Projy,(v) for v = (23, -48,0,0, —32).

5. (10 47) Let n > 2 be an integer and let T° be the linear operator on R™ such that
T(e))=e4 fori=1,...,n—1and T (e,) = ey,

where {ey,...,e,} is the standard basis for R*. Show that 1 is an eigenvalue of 7. Is T
diagonalizable ? You need to explain your answers.
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(12 57) Let G be a finite group of order n. Determine each of the following statements
true or false.

(1) If 9 { n, then G has no subgroup of order G.

2) If 3 | n, then G contains an element of order 3.

)
(2)
(3) If 4 | n, then G contains a subgroup of order 4.
(4) If 6 | n, then G contains a subgroup of order G.
(

5) If 4| n and G is abelian, then G contains an element of order 4.

(6) If 6 | n and G is abelian, then G contains an element of order 6.

Let H be a subgroup of a group G.

(1) (3 47) Give a definition for H being a normal subgroup of G.

(2) (5 1) Prove that the alternating group As is a normal subgroup of the symmetric
group Ss.

(6 97) Let G be a group of order 39. Prove that G is not simple.
Consider the map ¢ : Z — Z defined by ¢(k) = 2k for all k € Z.

(1) (4 57) Is ¢ a group homomorphism? Prove your answer.

(2) (4 47) Is ¢ a ring homomorphism? Prove your answer.
(6 43) Prove that the polynomial 2° + z® + 1 € Q[z] is irreducible over Q.

(7 73) Consider the polynomial f(z) = z* + 2% + 1 in Zy[z] and let [ = (f(z)) be the
principal ideal generated by f(z) in Zs[z]. Is I a maximal ideal? Explain your answer.

(3 43) Find a maximal ideal in the field . No explanation is needed for your answer.



