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1. (10 %7)

(a) Prove thatif f: [a,b] — R is continuous and f(a) <A < f(b), then there exists a point
* € (a,b) such that (%) = A,

(b) Prove that if 1 : [a,b] — R is continuous and [a.b] C f([a,b]), then there exists a point
u € [a,b] such that f(u) =u.

2. (10 %) Prove that EVEry compact metric space is a complete metric space, but the converse

is not true.

3. (10 #7) Let {Kq | & € A} be a family of closed subsets of a metric space X. If (1) Ky + @

ac#
for each finite subset % < A, and there exists an oy € A such that Ky, is compact, then
() Ko # .
aEA
4. (10 77)
(a) Let {5,} be a sequence of positive real numbers. Prove that if lim “*Fl — s then
n—eo g,
Jim 5=
n?’l
(b) Evaluate lim {/ —.
n—ee |/ pl
5. (10 %9

(@) Let {f»} be a sequence of real-valued continuous functions on a metric space (X,d).
Suppose that {f,} converges uniformly to the function f : X — R. Prove that f 1s con-

tinuous on X.

(b) Let

E sinnx 4+ cos nx

, xeR.
-

§(x) =
n=0

Is g continuous on R? Explain your reason.

(H & % & R )



10.

(10 4)

(a) Let f: |a,b] — R be continuous and f(c) > 0 at some point ¢ € [a,b]. Show that the
b
definite integral f Flx)dz =0
a

(b) Let g : [a,b] — R be a function such that g(x) = 5566 except at finitely many points

€1,€2,...,Cn. Show that g is Riemann integrable on [a, b].

(10 %7) Let f,g : R? — R be continuously differentiable and suppose that g_g = %—Ji Define
x Oy

) = [ fe0a+ [ “glond, ¥ (xy) € R

JH dH
Compute 7 and o

. (10 @)

a a
(a) Leta > 0. Evaluate the integral: f / x2 +y? dydx.
0 Jx

1 1 prx
(b) Given]o (1—x)f(x)dx=4,ﬁnd/0 /0 flx—y) dydx.

(10 4°) Let I = {(a,b) be an open interval, and a function f : I — R be differentiable at a
point ¢ € I. Show that for every € > 0, there is a 6 > 0 such that whenevera <x <c <y <b
and 0 < [x—y| < 6, we have

~f'(e)

< E.

fx) = f)
By

(10 4) For each positive integer n € N, let ,, be the unique positive real number satisfying

m+ﬁ=n
(a) Show that {(¥/n — ra) bnen is a decreasing sequence.

(b) Find the limit: lim (¥/n—r,).
n—soo
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