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1. Let f: R* = R be continuous.

(a) (10%) Prove or disprove: f maps open sets in R? to open sets in R.

(b) (10%) Prove or disprove: f is differentiable on R2.

2. (a) (6%) Find the Taylor polynomial Py(z) of the function f (z) = 737 at the point

7o = 0. Give the error term R, also.
(b) (6%) Show that for any |z| <1, lim Ra(z) = 0.
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(c) (8%) Hence or otherwise, show that tan™ () = ; 1 when |z| S 1.
=,
(You may assume without proof that tan~'(z) = / T2 dz.)
0

3. Let f: [a,b] — R be Lipschitz, that is, there is some K > 0 such that If(z) — f(y)] £
K|z — y| for any z,y in [a,d]. !
(a) (6%) Show that f is continuous at any point 2o € [a,b].
(b) (8%) If P = {a = 0, %1 ..., %, = b} is a partition of [a, 0], show that

0 < U(f,P) = L(f,P) < K(b—a)[|P],
where U(f, P) and L(f, P) are the upper sum and lower sum of f with respect to
P, and ||P| = gl}fgil(xk — Tj—1) is the norm of P.
(c) (6%) Hence or otherwise, show that f is integrable on [a, b].
4. Let f: R™ — R be differentiable at a € R", with f(a) > 0.

(a) (10%) Show that thiere is some ¢ > 0 such that f(a + h) > 0 for any ||h|| < 4.

(b) (10%) Show from definition that the function g(x) = -f(17) is differentiable at a

with Vg(a) = ._Tv(af)—(géz. '

5. Let f: R — R be continuous such that lim f(z) = Ly, lim fl@y=L_, (L4, L_ €
R).
(a) (10%) Prove or disprove: f achieves its maximum value.
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(b) (10%) Prove or disprove: If f is also differentiable on R, then lim f(z)=0.




