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I. (@ Let f:M—>NR be an additive function, i.e., f(x+y)=f(x)+ f(y) for all x,yeR. If
S/ 1s continuous at x =0, show that f is continuous everywhere on R. (10%)

-2Xx 1If x 1s a positiverationalnumber,
(b) Let g: R —> R, where g(x)={ 2x if x 1s a negativerational number,
0 therwise.

Determine the continuity of g and justify your answer. (10%)

2. Determine whether the following statements true or false and justify your answers. (Hint: Prove
your answer or find a counter example.) ' '

oo

(a) Let {u } be a sequence of real numbers. If Z u, converges, then Z (u,)’ converges,

i =1 i =1

too. (5%)
(b) Let [a, b]x]c, d]E{ (x, y)e R’ | x€la, bl, yelc, d] } and f:[a,b]lx[c,d]>R be a

| b( ¢d d (pb :
real value function. If _[ (I f(x,y)d y]d x and I (I f(x,y)d x)d y are exist,

then j" ( Ld f(x,y)d y) dx = J‘j ( L” f(x, y) dx) dy. (5%)

(c) Let 4 be a compact subset of R". If the function f is continuous on A4, then
SR >R 1suniformly continuouson 4. (5%)

= &

d) f(x)=)

2
n-——l\ n

[ sin nx

Jx3 1s continuous on R. (5%)

3. Let f:R* >R and g:R* >R real-valued functions, where

f’ 4 4

———  if (x, ») = (0,0), F—2_ if (x,)#(0,0),
[ p)=1x* +y and g(x, ) =1 .[x* +

[ 0 otherwise, | 0 otherwise.

Determine whether f and g are differentiable at (0, 0) and justify your answer. (20%)

4.  Prove the following statements:

o0

(a) If Z a, 1s an absolutely convergent series, then the series

n=>0 n=>0

and uniformly convergent on the interval [-7, 7]. (8%)

a, cos(nx) is absolutely

[M]s

(b) If {bn } 1s a decreasing sequence of positive numbers and the series Z b cos(nx) 1s

n=1

uniformly convergent on the interval [-z, 7],then lim nb =0. (7%)

n—>»

5. Show that every bounded monotone real value function is integrable. (15%)

6. Find the extreme values of the function f(x, y, z) =4xy+2xz+2yz subject to the constraint
xyz=16. (10%)




